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“In a tour-de-force survey of logical systems, Peregrin addresses the
fundamental question of how logical systems relate to natural langue
argumentation. The book develops the view that logical systems are
models and challenges widespread assumptions about the nature of
logical semantics.”

— Georg Brun, University of Bern

“For the general student of philosophy or linguistics it is hard to
understand why to do formal logics at all. By using a rule-theoretical
access, Peregrin’s book shows step by step how ideal models are necessary
tools for understanding the form of valid reasoning, but no first results in
a meliorating project of replacing natural by formal languages.”

— Pirmin Stekeler-Weithofer, University of Leipzig

This book addresses the hasty development of modern logic, especially its
introducing and embracing various kinds of artificial languages and moving from
the study of natural languages to that of artificial ones. This shift seemed extremely
helpful and managed to elevate logic to a new level of rigor and clarity. However,
the change that logic underwent in this way was in no way insignificant, and it is
also far from an insignificant matter to determine to what extent the “new logic”
only engaged new and more powerful instruments to answer the questions posed
by the “old” one, and to what extent it replaced these questions with new ones.

Hence, this movement has generated brand new kinds of philosophical problems
that have still not been dealt with systematically. Philosophy of Logical Systems
addresses these new kinds of philosophical problems that are intertwined with
the development of modern logic. Jaroslav Peregrin analyzes the rationale behind
the introduction of the artificial languages of logic; classifies the various tools
which were adopted to build such languages; gives an overview of the various
kinds of languages introduced in the course of modern logic and the motifs of their
employment; discusses what can actually be achieved by relocating the problems of
logic from natural language into them; and reaches certain conclusions with respect
to the possibilities and limitations of this “formal turn” of logic.

This book is both an important scholarly contribution to the philosophy
of logic and a systematic survey of the standard (and not so standard) logical
systems that were established during the short history of modern logic.

Jaroslav Peregrin is a research professor at the Department of Logic of the
Institute of Philosophy of the Czech Academy of Sciences and a professor at
the Faculty of Philosophy of the University of Hradec Kralové, Czechia. He is
the author of Doing Worlds with Words (Kluwer, 1995), Meaning and Structure
(Ashgate, 2001), Inferentialism (Palgrave, 2014), and Reflective Equilibrium and
the Principles of Logical Analysis (together with V. Svoboda; Routledge, 2017).
His current research focuses on logical and philosophical aspects of inferentialism
and on more general questions of normativity.
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Preface

I have been wrestling with the problems discussed in this book for a very
long time. It was in the late eighties when I, at the outset of my lifelong
engagement with the nature of linguistic meaning, became familiar with
formal semantics, which was then in its heyday. I was delighted by the
wealth of useful tools for the analysis and explication of meanings that
it offered; but I was also dissatisfied with what I perceived as the naive
ways in which the tools were often put to use. My book Doing Worlds
with Words (with the subtitle Formal Semantics without Formal Meta-
physics), which appeared in 1995, was my attempt to give an intelligible
shape to this dissatisfaction (it was also the first book I wrote in English).
In the preface to the book I wrote the following confession:

Pirmin Stekeler-Weithofer’s book Grundprobleme der Logik ‘awoke
me from my dogmatic slumber’ and caused me to contemplate my
previous activities in the field of formal semantics and thereby see
that they were simply the result of being held captive by a certain
picture, namely by the picture drawn into our minds by modern for-
mal logic. Before encountering Stekeler-Weithofer’s book, I had seen
philosophy and, in particular, logic as a way towards the firmest of
truths, thereafter I realized that logic is a mere tool that can be used
both to elucidate and to blur, and that philosophy cannot be made
sense of in any other way than as the Wittgensteinian struggle with
the bewitchment of our reason by our language.

I think this is still largely valid, and T am still grateful to Pirmin for
helping me to direct my effort in this way. The present book, in a sense,
can therefore be seen as a follow up to the old one. Though I am no
longer very satisfied with how I put things 25 years ago, the basic driving
force behind it continues to drive me further. What has changed is that
while in the older book I targeted the application of certain logical tools
to the analysis of the semantics of natural language, my target is now,
more generally, logic itself and especially modern formal logic.
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Again, I am excited by the fact that modern logic has gained access to a
broad spectrum of new and useful (especially mathematical) tools, which
have moved it a good deal forward, while I am frustrated by what I see as
frequent misunderstandings of the tools, which in my eyes lead many logi-
cians to misuse them and to thereby lead logic, if not directly into blind
alleys, then into alleys where it has no business. And again, I attempt to
give an intelligible shape to this — now more general — dissatisfaction.

This book was written within the parameters of the project supported
by research grant No. 17-156435S of the Czech Science Foundation, which
I carried out within the Institute of Philosophy of the Czech Academy of
Sciences. I am grateful to all those who looked at the manuscript and
gave me invaluable advice in its regard, namely to Pavel Arazim, Georg
Brun, Vit Puncochat, Pirmin Stekeler-Weithfer, and Vladimir Svoboda.



1 The Transmutation of Logic

1.1 The Evacuation of Natural Language

Nobody would likely deny that logic underwent an essential rebirth dur-
ing the twentieth century (some might even be inclined to say that this
was the birth of a real logic!).

We can say, perhaps with a certain amount of oversimplification, that
logic, since its very beginning, has been primarily concerned with the cor-
rectness of arguments — not in the sense that its sole business would be
to characterize correct arguments, but that everything that is its business
evolved out of its concern with their correctness. And as arguments are
articulated in the medium of a language that is normally a natural lan-
guage, logic was always concerned with natural languages and with the
fact that some sentences in these languages follow from other sentences.

What happened in the twentieth century was that logic introduced
and embraced — sometimes rather hastily — various kinds of artificial lan-
guages. The employment of the languages looked extremely helpful and
it looked to be able to elevate logic to a brand new level of rigor and
clarity. Therefore, most logicians simply vacated the old, squat shack of
natural language and moved to one of the shiny new lofts of the artificial
ones, almost completely forgetting about their previous dwelling-place.

Logic flourished in its new dwelling. For the first time, it could be
developed with a mathematical rigor (as the artificial languages were
basically mathematical structures) rather than as a collection of quasi-
empirical comments on either the way human reasoning proceeds (or
should proceed), or on actual human languages.? The liberation of logic
from the yoke of psychology and its fruitful alliance with mathematics
provided for the explosion of results that we know from the twentieth
century.

1. Coffa (1991, p. 113), for example, commenting on the state of the art around 1900,
when Russell tabled the idea of reducing logic to mathematics, writes that at this stage
“mathematics was a reality and logic a project.”

2. Which we can find in all logic treatises since Aristotle via Port-royal logic (Arnauld &
Nicole, 1662) up until nineteenth century logical textbooks (like Lotze, 1874).
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However, the change logic underwent in this way was in no way trivial,
and it is also far from trivial to determine the extent to which the “new
logic” only engaged new and more powerful instruments to answer the
questions posed by the “old” one, and the extent to which it replaced
them with new ones. And insofar as a replacement took place, it is not
easy to see whether it was because the old questions were found to be ill-
conceived or obsolete, or whether what was going on was that the shift in
question was not really noticed and logic has moved somewhere without
its protagonists duly reflecting it.

An optimistic picture is that nothing significant happened, that logic
only sharpened its tools and delimited its subject matter with greater
precision. This view is often underpinned by the opinion that the ulti-
mate subject matter of logic is neither linguistic structures nor mental
entities, but rather some ideal entities that are only imperfectly captured/
expressed/represented by our parochially human means. From this view-
point, logic, by its nature, is akin to mathematics — dealing with the very
kind of abstract or ideal reality that is studied by algebraists. In this way,
the engagement of artificial languages and mathematical tools only brings
the nature of the subject matter of logic out into the open.

The point of departure of this book consists in the insight that such
optimism is unwarranted, if not naive. The move from natural languages
to their artificial replacement is a significant one that must be considered
with due care. And to take logic as a type of mathematics is not viable.
Consider the claim of Béziau (1994, p. 73):

Universal Logic is a general study of logic in the same way as Universal
Algebra is a general study of algebra. It is based on the fact that there
is no One Logic or Absolute Laws of Logic, but rather a type of logical
structures who are [sic] fundamental mother structures in the sense of
Bourbaki. Logic is then an autonomous field of mathematics, with its
own intuitions and concepts and which can survive and be developed
without importing specific notions from other fields of mathematics.

It is certainly plausible that logic deals with certain kinds of structures
and that we can have a very general, abstract theory of such structures
that reveals some very general facts holding across different fields of log-
ic.’ However, does it follow that logic is a part of mathematics? A great
deal of work in physics nowadays consists of solving systems of certain
differential equations — but does that make physics into a part of math-
ematics? Mathematics is certainly an indispensable tool of physics, but
this does not make physics its part — and so it is with logic.

3. Such generalizations have started to appear long ago. See, for example, Font and Jansana
(1996) or Dunn and Hardegree (2001).



The Transmutation of Logic 3

Doing mathematics, we may study all kinds of structures — it is only
when it comes to applications that we find certain kinds of structures
more pertinent than others. Logic, we can say, is basically a study of overt
reasoning (and of arguments as its most basic manifestations) — a real-
world activity in which we humans engage, and can do better or worse.
Thus, any study of mathematical structures done under the heading of
logic should be assessed according to its usefulness in helping us do it in
a better, rather than in a worse, way.

1.2 Artificial Languages of Logic as Models

The problem, as I see it, is that the artificial languages that became the
new dwelling-places of logic are artificial in the sense that they were built
exclusively by means of our definitions.* Therefore, everything we can
find out about them cannot be other than a consequence of the defini-
tions. But how then can the investigation of the consequences of our —
deliberate — definitions help us decide which arguments — namely, which
steps in our reasoning — are correct?

The answer may not be too complicated: studying abstract structures
constituted by definitions is what is done by pure mathematics, and math-
ematics can certainly help us with all kinds of problems in the real world.
Of course, in order for mathematics to be able to do so it must be applied —
a structure it studies must be fashioned as a model of a phenomenon in
the real world adequate enough that the study of the structure can tell us
something interesting about the phenomenon.

This invokes the idea that the artificial languages of logic can be seen as
models of natural language (and of the argumentative practices of which
the natural languages are vehicles), similar to natural scientists’ models
of natural phenomena. The models are much more exactly delimited and
hence much more transparent than the languages we normally use to talk
and to reason; but they are not, on the other hand, languages themselves
in the fully-fledged sense. Thus, they are not substitutes for the real lan-
guages in the sense that we could shift over to them and forget about the
natural languages. They can be useful only insofar as they are arguably
adequate to what they are models of and insofar as the results of their
analyses can help us deal with it.’

This asymmetric situation poses, it seems to me, brand new kinds of
philosophical problems that are not always properly identified. The arti-
ficial languages are always simulacra of the natural vehicles of reasoning

4. Or, seen from a more Platonist viewpoint, that they are identified in terms of the
definitions.

5. This is what I take to be the most basic message of Stekeler-Weithofer’s (1986) book,
which deeply influenced my view of the matter (see Preface).
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and hence are — more or less — parasitic upon them. This is not to say
that a lot of interesting logical work cannot be done within such arti-
ficial languages, but it is to say that this must be done with an eye on
their status as models. Proving that something in an artificial language
is inferable from some other thing will only tell us something — beyond
the fact that this is merely the result of our definitions of the language —
if we can be sure that the language, as a model, is adequate to what it
models, that talking about the former can be seen as a proxy for talking
about the latter.

Why are artificial languages bound to remain simulacra and not to
ascend to the level on which they would be on a par with natural lan-
guages? (This is a question quite crucial for this book, so it deserves to
be answered explicitly.) The point is that perhaps they could ascend as a
matter of principle but not as a matter of fact. Natural languages’ endow-
ment with meanings is something that develops over millennia, during
which time the languages become inseparably and integrally entwined
with our “meaningful” practices; the artificial languages cannot make up
for this in the time frame of a few years or decades. Therefore, artificial
languages, insofar as they are to be treated as meaningful, are tied to
natural ones by a semantic “umbilical cord.”

And the adequacy of an artificial language to a natural one, which, to
be sure, is crucial here, is not a simple concept. Of course, a model is not
supposed to be an identical copy of what it models, it is supposed to be in
some respects simpler, more transparent, and less vague. Thus, a certain
level of dissimilarity is assumed. For example, what should we make of a
situation in which an artificial language (together with some superstruc-
ture like a calculus) that acts as the model does not have a property that
we would like it to have (or, the other way around, has one we would like
it not to have)? If a calculus, for example, is not decidable — what does it
mean? Does this fact concern the criteria of correctness of arguments in
our natural language or instead only in the artificial one — or does it have to
do with the way we produce the calculus as a model of the real language?

1.3 The Reflective Equilibrium of Logical Laws

At the dawn of modern logic, some of its protagonists seem to have
developed logical languages in the hope that these languages would be
able to replace natural language, at least in the context of mathematical,
or perhaps more generally, scientific, reasoning. This, I think, has only
materialized to a very limited extent. When we engage in mathematical
reasoning, for instance, it often suffices for us that we know, or believe
we know, that it would be possible, as a matter of principle, to articulate
the reasoning in a logical calculus (though this might be quite laborious
and tedious, and it is not really something that we normally do).

In the previous section, we stressed the similarity of the artificial lan-
guages of logic and the mathematical models employed by the sciences.
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Here we have an important dissimilarity: there is supposed to be a feed-
back (though in reality perhaps only a very meager one) from the artifi-
cial languages on our actual reasoning. Hence, while natural phenomena
do not care about our constructing their models, reasoning, as a social
phenomenon, can be influenced by our establishment of its models, for
the models can, in this case, act as norms.

Thus, though the picture of the artificial languages of logic as models of
our actual reasoning is, as I put forward, very illuminating, we must keep
in mind that, when it comes to its details, we need to be careful not to
overstretch the analogy. The point is that, unlike in the case of the natural
sciences, there may be a feedback loop: the model we build may influence
what it models, and since, of course, this might prompt an update of the
model, it could, in principle, initiate a kind of self-propelling spiral.

The fact that the model may act as a norm means that it can be used to
amend the phenomenon that it models (in our case reasoning); that is, to
do away with the discrepancies between it and the phenomenon modeled
by means of tampering with the latter. On the other hand, it can be taken
as a (useful) model only insofar as it is adequate to the phenomenon,
which is to say if there are no relevant discrepancies or if the discrepan-
cies are negligible. Thus, we have these two different requirements which
appear to pull in opposite directions (if they are not directly inconsistent):
we must fashion the model to reflect the actual process of reasoning,
while at the same time we are supposed to adjust the process of reasoning
so as to comply with the model.

In Peregrin and Svoboda (2017), we argue that this gives rise to a
“dialectical” process aiming at what has come to be called the reflective
equilibrium® — an equilibrium between empirical facts concerning rea-
soning and our theoretical articulation of what we perceive as its rules
that results from the back-and-forth movement between considering the
arguments which are (“intuitively”) taken for correct and the tentative
explicit articulation of the corresponding rules. Thus, logical laws wor-
thy of the name are born out of this very process — out of the process of
a theoretical articulation of rules implicit to our reasoning practices that
aim at the reflective equilibrium.

Let me add that this does not cancel the asymmetry between natural
languages and the artificial languages of logic that I stressed in the previ-
ous section (though it, in a sense, alleviates it). Though there is “two-way
traffic” between the two kinds of languages, the artificial ones maintain
themselves as simulacra and not as languages that could take over the
role of the natural ones as direct vehicles of reasoning. Instead, they func-
tion as models to which we can outsource a lot of theoretical problems

6. The term was coined by Rawls (1971) in the context of ethics, though the same consid-
erations for logic were already presented earlier, though not under this name, by Good-
man (1983). See Brun (2014, forthcoming) for an overview.
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connected with reasoning, but can do this only to the extent they are seen
as adequate models of the natural languages.

1.4 The Nature of Logical Laws

Languages of formal logic, as I am going to present them in detail in the
upcoming chapters, are first and foremost expedients of our effort to
articulate the criteria of correctness of arguments and consequently of the
explanation of the fact that some sentences follow from other sentences.
However, we do not explain why it is the case that something follows
from something else, we explain it only in the sense that we systematize
the cases of following-from and in this sense we present every individual
case as a piece in a larger mosaic.

To avoid misunderstanding, such a systematization makes room, of
course, for explanations of cases of following-from in terms of other, sim-
pler cases. We can explain that a conclusion follows from some premises
in that we can decompose the step from the premises to the conclusion
into a chain of simpler and more obvious steps. (This, needless to say, is
what we do when we prove theorems in mathematics.) But we accord-
ingly only reduce the more complex cases to simpler ones; we do not
explain why the simpler ones hold.

This, again, is similar to natural laws. The law of gravity explains why
a stone, released from my hand, falls to the earth. It explains it not in the
sense that it would disclose some hidden essence of the stone that would
make it fall down; it does so in that it subordinates it to a general law,
where the law is just a generalization. In effect, it tells us that this particu-
lar stone falls to earth because it is what things always — at least insofar
as we have been able to find out - do.

We cannot say why the law of gravity holds; we can only state that
it holds and given this, we can use it to explain individual cases. And
we consider rules of logic as articulated by the calculi in a similar way:
we articulate the rules as generalizations from the individual, correct
arguments. Thus, as we find out that plus minus all the arguments of
the form

A If A then B
B

in English are correct, we accept

A A—>B
B

as a logical law. Are, then, the laws of logic just empirical generalizations?
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We have already seen that logical rules differ from ordinary empiri-
cal generalizations in that they can be used as norms of reasoning. In
fact, there are two ways in which the rules can be considered norma-
tive. First, they are normative in the sense that what they generalize are
already rules. Their instances are correct arguments — they are correct not
because we logicians proclaim them as correct, they are correct before
any logical theory is in play; they are such because human linguistic prac-
tices are essentially rule-governed. Logic is thus supposed to pick up rules
that already govern our reasoning, though in their natural form they are
implicit, and it is only logical theory that makes them explicit.

Moreover, the laws of logic are normative also in the second sense, in
that they can be used as standards of assessment and criticism of actual
argumentation. This is because what we do when we articulate them is
not only to bring their implicit predecessors into the open but rather also
to “finalize,” streamline, and extrapolate them to the regions where they
were not really operative. This is what happens during the process of
moving toward a reflective equilibrium.

Given this, we cannot really say that logic addresses a reality behind
the surfaces of natural languages. It builds on some very general rules
(proto-rules?) that are constitutive of our linguistic practices but employs
its huge apparatus to transform these implicit rules into something clear,
unambiguous, and potentially binding. The calculi and other tools of
modern logic we are going to discuss in the upcoming chapters are expe-
dients of this enterprise, not a means of naming a hidden reality exca-
vated from the depths of language.

In this sense, I think that the status of the laws of logic is similar to that
of natural laws (despite all the other dissimilarities): they do not bring to
light a hidden reality behind appearances but rather bring a system to the
appearances (to “save” them, as the Ancients would put it”). Of course,
the system cannot be chosen deliberately, it must fi¢ the appearances — but
there is no reason to think that it was there, as such, all the time already
before we established it.

1.5 Philosophy of Logical Systems

Traditional philosophy of logic targeted the “logical part” of the vocabu-
lary of natural language, which seemed to be responsible for the correct-
ness of a crucial part of the arguments. There were problems that logic
shared with philosophy of language (such as: how do the expressions of
natural language, especially the logical ones, manage to mean what they
do?), and there were problems of the conceptual apparatus engaged by

7. See Lloyd (1978).
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logic (for example, the nature of truth). And, of course, there were the
philosophical questions surrounding very central problems of logic, such
as the criterion of correctness of arguments and thereby also the laws
of logic. Later there came discussions about the possibilities of rejecting
some of the traditional laws of logic and about alternative logical systems
that might ensue from their rejection.

However, after the center of gravity of logic shifted from natural lan-
guage to the artificial ones, the problems multiplied. Now, for example,
the question of which arguments are correct in natural language decom-
poses into a question of which ones are correct in an artificial language
(which is usually a matter of a calculus or a system of formal semantics)
and which natural language arguments are adequately represented by the
artificial language ones. It is necessary to clarify the status of the artificial
languages, their relationship to our actual reasoning and to the natural
languages, and the criteria that would let us say that the former is an
adequate model of the latter.

One set of problems concerns the newly established artificial lan-
guages. Artificial languages, or theories in the languages, may have vari-
ous properties (such as consistency, completeness, decidability, etc.) and
whether a particular language has such a property can be more or less
easily determined by mathematical methods. In contrast to this, in the
case of natural language the presence or absence of such a property is
often not only not so easily found out but also sometimes it is even not
clear how to make sense of it. Take, for example, such a property as
consistency. Tarski (1944) was convinced that natural language is not
consistent because it contains all the ingredients needed to put together
liar sentences. In contrast to this, consistency was usually supposed to be
a condition sine qua non for an artificial language to be useful for logic;
and in any case its presence or absence is an unambiguous matter, usually
it is subject to a mathematical proof.

The question is what such a proof of consistency of a formal language
can tell us about natural language. One possibility is that it tells us noth-
ing, because the artificial language was built precisely to improve on
natural language so that it is provably consistent. Another possibility is
that its consistency also indicates that the natural language is consistent,
at least if cleansed from some problematic cases, some such ballast as,
for example, the liar sentences, which are not essential to it. Or there is
a possibility that it tells us that we should dispose of the amorphous and
potentially vicious natural language in favor of one that is exactly delim-
ited and provably unproblematic.

Another set of problems concerns the very nature of the relationship
between natural and artificial languages. The original idea was that the
relationship be quite straightforward — logical expressions of the former
being replaced by their more rigorous variants and the extralogical ones
being abstracted away. But we will see that, especially on the level of
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predicate logic, this gave way to the artificial languages acquiring struc-
tures largely independent of those of natural languages. As a result, “logi-
cal analysis,” as a process of finding a formula appropriate for a natural
language sentence, became a nontrivial kind of “art.”

In this way, the artificial languages of logic acquired lives of their own
and lost their obvious dependence on natural language. Again, one pos-
sibility would be to see this as a process of emancipation of the artifi-
cial languages, which were on their way toward superseding the natural
ones. Another possibility is to insist that artificial languages cannot but
be mere simulacra and that their “independent life” cannot but remain
highly limited. In this case, there still may be a choice of attitude: their
study may be seen either as merely an indirect way of studying natural
language, or they may be seen as being in some sense autonomous.

Anyway, it seems that the emergence of artificial languages, and the
logicians’ relocation of most of their problems into the context of these
languages, creates new kinds of philosophical questions that are both
unprecedented and yet worth being taken seriously.

1.6 Genealogy of the Artificial Languages of Logic

The key to the philosophical problems of modern logic thus appear to be
an understanding of the artificial languages logic employs and of what
appears to be their “independent life.” The idea pursued in this book is
that they were formed out of the rib of natural language in a process dur-
ing which logical analysis or logical formalization became more than a
mere replacement of words and expressions of natural language by their
more rigorous regimentations.

The language of propositional logic, as the simplest artificial language,
originated mostly from such replacements, and even during its employ-
ment for the purposes of logical formalization its operators can often
be considered as mere proxies for their natural language counterparts.
(Though in many cases it can also be employed in creative manners
where its operators’ roles become much more than such proxies.) But
especially along the way between this language and the language of pred-
icate logic there came about an important change: the latter have come
to rest on some syntactic rules (concerning quantifiers), which have no
direct counterparts in natural language. Hence, finding a formula regi-
menting a given natural language sentence necessitated correlating two
nontrivially different syntactic structures, opening up a space for various
alternative solutions.

In this way, the language of predicate logic ceased to be directly tied
to natural language; hence it acquired a certain independence. And as
the structure of such a language resulted from the effort to put together
an efficient calculus, to understand why the structure came out as it
did means to understand the calculi and the problems to which their
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constitution responded (as well as the new problems which the constitu-
tion brought about). This is the task to be undertaken in the following
chapters: to anatomize the most basic logical calculi to show how the
structure of the language that underlies them can come into being.

A further step in the emancipation of the artificial languages of logic
from natural ones came with the establishment of formal semantics in the
writings of Tarski, Carnap, and others. This introduction is sometimes
depicted in such a way that it was only vig it that the formal languages
truly became fully-fledged languages, with not only a “syntax” but also
a “semantics.” I think that to endow a language with a “real” seman-
tics is not at all so simple as assigning its expressions some set-theoretic
constructs. I think then that we should see the establishment of formal
semantics as an elaboration and refinement of the technical apparatus we
put together to create (useful) models of natural languages as vehicles of
our matter-of-fact reasoning rather than as promoting our artificial lan-
guages to the level of “genuine” languages.

Hence, the leading idea of this book is that the formal languages of
contemporary logic, which now largely determine the direction of logi-
cal investigations, evolved out of the effort of logicians to make useful
models of those structures of natural language that are important from
the viewpoint of argumentation. I believe we can understand them bet-
ter if we reconstruct this evolution. This is not to say that those who
developed the formal languages usually saw themselves as quasi-natural
scientists building increasingly self-standing models of the activity of rea-
soning. Undoubtedly, many of them saw themselves as penetrating to
deeper structures of thought or reality by discovering hidden “logical
forms”; but here I do not want to reconstruct their intentions or their
own understanding of what they were doing but rather what I believe
was really happening.

This means that in the upcoming chapters I will survey the story of
the constitution of the common artificial languages of logic that, on the
one hand, is well-known but which I must, on the other hand, retell in
a way that is not so familiar. Thus, I beg the reader for understanding
my rationale for repeating things that are all too familiar to them; that
rationale being that I want to rearrange the mosaic that these familiar
things constitute so as to open a new vista on the nature of modern, for-
mal logic and on the new philosophical problems it opens up.



2 Correctness of Arguments

2.1 Arguments

Logic came into existence as a tool that was to help us discriminate
between correct and incorrect arguments; and though it has undergone
various kinds of transmutations since the time of its origin, we can still
say, perhaps with a certain kind of oversimplification, that this discrimi-
nation is its most basic raison d’étre.

An argument, as we will conceive of it in this book, has a list of prem-
ises (which, however, may also be empty) in which the premises are
declarative sentences. It also has a conclusion, which, again, is a declara-
tive sentence. Of course, various, more or less different, construals of
the notion of argument can be put forward. First, someone might argue
that it is not sentences that make up an argument but rather their mean-
ings, propositions.! There is a sense in which this is obviously correct
(meaningless sentences do not form an argument), but we cannot get
hold of a proposition other than by means of a sentence, so even in this
case we cannot but present the premises and the conclusion by means of
sentences.” Second, it may be objected that what makes up an argument
is something like beliefs that need not even be accurately expressible by
sentences — but if there were anything like this, it could hardly be the sub-
ject matter of an explicit theory such as those produced by logic.

Third, somebody may object, under the influence of the Gentzenian
sequent calculus, that there may be multiple “alternative” conclusions to
an argument.’ We can certainly think of such kinds of arguments too, but
the single-conclusion ones appear to be more basic (indeed an attitude of
holding a belief in force of holding other ones appears to be much more
primitive than that of holding at least one of a list of beliefs). Fourth, an

1. We use the term proposition in a very shallow sense: a proposition is just the meaning of
a declarative sentence (whatever it is).

2. Personally, I think that propositions are secondary to sentences usable in the assertive
mode; but this is not the place to argue for it.

3. See, e.g., Restall (2013) for an elaborated defense of such a stance.
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objection might be made that the structure of an argument may be more
complicated than just premises and a conclusion.* Again, there is much
to this, but we will assume that in the basic cases the simple structure
is an acceptable oversimplification. Fifth, we might imagine arguments
containing not only declarative sentences but also imperative or inter-
rogative ones. I assume here that these are marginal cases, which we can
afford to neglect.

So, given that an argument leads from some premises to a conclusion,
we can, as it often happens, directly identify it with an ordered pair con-
sisting of a sequence or a set of premises and a conclusion. The task now
is to draw a dividing line between those arguments that are correct and
those that are not. We will present arguments in the form of the sequence
of premises followed by a conclusion separated from them by a horizon-
tal line. The premises will be written below each other

A

A,
A

or alternatively besides each other

A .. A,
A
Sometimes we will also present arguments on a single line, separating
the conclusion from the premises by the following symbol

A, ..., A A,
or by the word hence
Ay, ..., A,; hence A

We will also consider “metaarguments”: “arguments” the premises
and conclusions of which are arguments that allow us to get new argu-
ments from already accepted ones. We will write such a metaargument
so that we list the arguments which constitute its premises separated by

4. Thus, for example, Toulmin (2003) holds that arguments have a more complex structure.
5. We will mostly use the former in the context of artificial languages, whereas we will use
the latter in the context of natural ones.
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semicolons (A", ..., A", =A% ...; A", ..., A", |— A”) followed by
a double slash and the argument which constitutes its conclusion

Al LA AYS LAY, LAY ATIIA, L A A

"'m

2.2 Which Arguments Are Correct?

We presuppose that some arguments in natural language are correct,
while others are incorrect. That is, we assume a pre-theoretical fact, a fact
that we want to “account for” by our logical theories and without which
logic would lose its point. (More precisely, what the logical theories are
after, first and foremost, is the characterization of the correct arguments,
a criterion of the correctness of arguments.) If an argument is correct,
we will also say that its conclusion follows from its premises. Thus, the
term “follows from,” unlike such terms as “is inferable from” or “is a
consequence of,” which will be used in more or less technical senses, will
refer to the pre-theoretical facts. We will often write “following-from” as
a name referring to this pre-theoretical relationship.

What does it mean that something follows from something else in a
language such as English? And how can we find out that it is so? With
a huge oversimplification we can say that to follow is to be taken to fol-
low by a great majority of the speakers of the language in question. (This
means not only that they would agree that it follows, but especially that
they are ready to use it in argumentation and not to protest when some-
body else uses it.) As a consequence, the most reliable way of finding out
if something follows from something else would be a public poll (or an
empirical research of what speakers of the language, as a matter of fact,
take to follow from what); though practically speaking, it is often enough
to rely on one’s knowledge of the language and on the fact that the speak-
ers of the language know what is generally taken to follow.

Of course, this “democratic” construal of the correctness of arguments
requires some crucial qualifications. The first one is that the notion of
the correctness of arguments will be heavily context-dependent. What
may pass as a correct argument in one context need not pass as such in
another context. It is probable that for each of the following arguments
there is a context in which it may count for correct

Germans won the world championship in football several times

The football team of Monaco never made it to the championship
Monaco cannot beat Germany

Every fish caught in this fishpond up to now was a carp
Every fish in this fishpond is a carp
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The door was unlocked
Somebody used a key

However, logic counts on the (admittedly, slightly idealized) assump-
tion that there is a core of arguments that are “impeccable” in the sense
that they count as being correct in every conceivable context. And logic —
in a narrow sense — concentrates on this core.

A second qualification is that in the case of some kinds of arguments,
social factors such as the “division of linguistic labor” famously tabled
by Putnam (1975) will be effective — the correctness of some arguments
may be unclear to the majority of speakers and they may delegate the
verdict to some experts.

However, the most important qualification, without which the “demo-
cratic” account would tend to be dangerously misleading, is that such
“intuitions” of speakers of a natural language may sometimes be incom-
patible. Thus, for example, the majority may hold that an argument is
correct, that its correctness necessarily brings about the correctness of
another argument, and yet that the other argument is not correct. (In
reality, “intuitions” may often be much less obviously incompatible.) In
such a case, one of the “intuitions” will have to be rejected as wrong.

Here it is also important to note that some arguments are taken as more
“basic” than others by the speakers. The ignorance with respect to the
(in)correctness of the most primitive arguments will compromise one’s sta-
tus as a competent speaker of the language in question. (These are the
arguments that can be called “analytic” in this pragmatic sense of the
word.) The ignorance with respect to some other arguments will be more
tolerable — their (in)correctness will be taken as a more or less “derivative”
matter that can be subjected to some demonstration. And the “intuitions”
which might be diagnosed as wrong are those of the latter kind.

Take, for example, the argument

When it rains, the streets are wet
It rains
The streets are wet

This is the kind of “basic” argument such that if someone were to
doubt that it is correct, it would be reasonable to suspect that she does
not understand the connection if-then. In contrast to this, the “intui-
tions” regarding an argument such as

When the streets are wet, it rains or it snows
When it does not rain, it snows or the streets are not wet

would probably not serve as a touchstone of understanding the sentences
constituting it — if somebody were to doubt its correctness, the most prob-
able moral would be that she needs some logical schooling. This is also



Correctness of Arguments 15

how logic, despite the “democratic” construal of correctness, can teach us
that we reason wrongly — that our holding of an argument for (in)correct
is incompatible with our holding of some other arguments for (in)correct.

But should logic not also correct our errors with respect to “primitive”
arguments? Should it not tell us that, for example, holding cases of modus
ponens, namely arguments of the form A, A—B |— B, for correct is right,
whereas holding cases of affirming the consequent, that is arguments of
the form B, A—B }— A, for correct is wrong? Well, the problem is that a
natural language, like English, does not contain —, for which this would
be provably appropriate, but instead of it something like if-then. (Moreo-
ver, logic should 7ot tell us that B, A—B }— A unless it is guaranteed that
— is, say, the classical implication.) And does if-then, from the viewpoint
of correctness of arguments, behave enough like —? In fact, it most prob-
ably does, but this is the case only insofar as it does comply with modus
ponens and not with affirming the consequent. Hence, in case the great
majority of English speakers were to use if-then as complying not with
modus ponens but rather with affirming the consequent, there would be
no reason to diagnose this as wrong — for in such a case there would be no
reason to think that if-then means something close to “—.”¢

Here are some examples of arguments that I think would be readily
accepted by English speakers:

(A1) Fidois a dog
Fido is an animal

(A2) Fido is a dog

All dogs are animals
Fido is an animal

(A3) Fido is a dog

All dogs are dangerous
Fido is dangerous

(A4) Fido is a dog and he is sick
Fido is a dog

(AS) Fido is sick
If Fido is sick, he needs medicine
Fido needs medicine

(A6) Fido is either sick or just sad
Fido is not sad
Fido is sick

6. See Peregrin (2010b).
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(A7) Fido is neither sick nor sad
Fido is not sick

(A8) Fidois a dog
Fido does not live on Saturn

A correct argument is sometimes taken to be an argument that is truth-
preserving; that is, it guarantees the truth of the conclusion in case the
premises are true. Nothing that we say here is incompatible with this,
but we do not want to commit ourselves to deriving the concept of the
correctness of arguments from that of truth or truth-preservation. The
minor reason is that arguments that are generally taken for correct prob-
ably would not quite coincide with the truth-preserving ones;” the major
one is that truth is such an enigmatic concept that putting it into the very
foundation of our conceptual edifice could make it too wobbly.

2.3 Accounting for the Correctness of Arguments

Given that there is an unlimited number of sentences in natural language,
there is an unlimited number of arguments. (This is not to say that we
would literally need to count with an infinite number, as it is clear that
nobody would ever use an argument with a million premises or a sen-
tence consisting of a million words. However, there is no principled limit
to the length of something that still counts as a sentence or an argument.
More importantly, the number of arguments is such that they do not
form a collection that could be easily surveyed.) This means that it is
simply not possible to give a list of all correct arguments.

An obvious solution to this problem is a classification: dividing argu-
ments into some relatively small number of types such that some of them
would comprise only correct arguments, while the others would comprise
only incorrect ones. Note that if such a classification were to really help
us distinguish between correct and incorrect arguments, the type of an
argument would have to be something readily determinable — it would be
of no help to know which types comprise correct arguments and which
comprise incorrect ones if we were not able to determine which is the
type of a given argument.

For this reason, we usually classify arguments according to their forms,
where a form amounts to the argument’s “surface” — to what we can see
when the argument is presented to us. As a first approximation, we can say

7. There are certainly many truth-preserving arguments that would be considered as at least
awkward (such as that there is no connection between what their premises talk about
and that which is talked about by their conclusion); and there are probably also argu-
ments that are taken for correct despite not being guaranteed to be impeccably truth-
preserving (such as (A8)).
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that a form of an argument may be represented by the argument with some
of its parts left out, replaced by meaningless symbols which we will call
parameters. Thus, we get a form of the argument (A3) (one of its forms,
that is) by replacing the word “dangerous” with the meaningless symbol P:

(AF3) Fido is a dog

All dogs are P
Fido is P.

In fact, we usually produce forms of arguments on a background of
some kind of grammatical theory telling us which parts of sentences “go
together” (so that we see it as being okay to replace a dog or is a dog by
a single letter, but not Fido is); which different parts count as merely dif-
ferent forms of the same part (so that a dog in the first sentence can be
replaced by the same parameter as dogs in the second); which parts are
of different categories (so that Fido should be replaced by a different kind
of letter than is a dog), etc.

A distinguished kind of form is what is usually called logical form,
which is based on the division of the vocabulary of the language we
consider into a logical and an extralogical part (plus, perhaps, some
expressions that are neither, for they serve merely auxiliary, syntactical
purposes). A logical form of an argument, in the simplest case, is then the
form in which all extralogical expressions are replaced by parameters.
There is no canonical way of drawing the dividing line, though some
words are standardly taken as logical (and, if-then, everything, etc.),
whereas many others are standardly taken as extralogical (table, danc-
ing, awkwardly, etc.).t

A logical form of (A3) might be

(ALF3) aisP

All P are Q
ais Q.

(The same logical form, for that matter, pertains also to (A2).) Let us call
a form valid iff all arguments of the form are correct; and let us call it
counter-valid iff all arguments of the form are incorrect. Can we have a
set of forms such that

e every argument is of one and only one of the forms;
e every form is either valid or counter-valid?

8. There are certain (not quite decisive) characteristics of the logical words of a natural lan-
guage: they should play a nontrivial role in arguments and they should be topic-neutral,
namely occur in arguments independently of their subject matter. Words like always, the,
probably do not seem to be on any one side of the divide, at least not obviously.
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In particular, can logical forms play this role?

What might seem to get in the way of this project is that which, since
de Saussure (1931), has been called “the arbitrariness of the linguistic
sign”: there is generally no connection between how a sign looks and
what it signifies. Therefore, it seems there is no way to tell whether an
argument is valid on the basis of its surface form. But this is not a grave
obstacle: for we do not want to pick up types of arguments that would
be (counter-)valid in any conceivable language (true, such a task would
make no sense!), but rather ones that happen to be (counter-)valid in a
fixed language — that is, the current variety of English. And in this case
we can certainly find kinds of arguments that are valid, such as the logical
form of (A4):

(ALF4) Aand B
A.

This, to be sure, depends on the fact that and in English means
what it does, and is not guaranteed that it remains valid should the
meaning of and shift; but this does not compromise the fact that in
contemporary English arguments of this form at least appear to be of
this kind.

So we can find some valid forms and thus delimit some sets of correct
arguments, and we can also find some counter-valid forms, such as

Neither A, nor B
A.

Can we specify a set of forms such that each of them would be valid
or counter-valid and every argument would be of this form? Take the
argument

(A9) The sun is shining or it is raining
The sun is shining.

This, obviously, is not a correct argument. Its logical form is

(ALF9) AorB
A,

which is certainly not valid — but is it counter-valid? It would seem not,
for the scheme would have some correct instances, for example

(A10)  The sun is shining or the sun is shining
The sun is shining.
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Of course, this argument has, aside from the previous logical form,
also another logical form that is valid, namely

(ALF10) Aor A
A,

which can lead us to the conclusion that an argument is not correct if it
has no valid logical form. Can we say that an argument is correct iff it
has a valid logical form; or are there arguments that are correct despite
having no valid logical form, that is, arguments that are correct, but not
logically correct?

2.4 Correct, but Not Logically Correct, Arguments?

Consider the argument (A1). Is it correct? I think that it would be seen as
correct by English speakers (if one were to argue from its premise to its
conclusion, it could be hardly challenged). Moreover, it seems to be an
instance of the valid schema

(AF1) ais a dog
a is an animal

This schema, however, is not a logical form of the argument. A logical
form would be

(ALF1) aisP
ais Q

and it is clearly not valid. Does the argument have another, valid logical
form, so that we can keep our conjecture that to be correct is to have a
valid logical form?

At first sight, it would seem that there is no alternative logical form.
However, some logicians are likely to suggest that the valid logical form
it has is

(ALF1") ais P
Every P is QO
ais Q.
The reason, they would insist, is that the argument (AF1), as it stands,
is not correct. We, they would insist, take it to be correct because we take

for granted that it contains one more covert premise, namely

Every dog is an animal.
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However, this argument is shaky. Why should we assume that there is
this covert premise? The argument seems to hold by itself — it is enough
to assume that the words dog and animal mean what they do in English.
And to assume that sentences constituting an argument have fixed mean-
ings appears to be not only unproblematic but also in fact inevitable.

The only reason for stipulating the covert premise appears to be pre-
cisely the need for safeguarding the conjecture that an argument is cor-
rect if and only if it has a valid logical form. But is it reasonable to save it
at the cost of making logical forms of arguments so removed from their
surface forms?

Suppose that we do not accept this. Then we will distinguish between
arguments with valid logical forms, which we will call logically correct,
and arguments that are correct but do not have valid logical forms. This
seems to be much more natural than trying to squeeze every correct argu-
ment into a valid logical form in the Procrustean way.

If we thus divide arguments into those that are correct logically and
those that are correct for extralogical reasons, we can restrict the atten-
tion of logic to the former kind. However, we can still take into account
the previous considerations as indicating that there is a way of “trans-
forming” extralogically correct arguments into logically correct ones by
encapsulating their “extralogical content” into additional premises. (By
this we do not admit that extralogically correct arguments are “in fact”
logically correct, we claim that in the vicinity of an extralogically correct
argument there is always a logically correct one that can be sometimes
used as its proxy.)

In this sense, we can reduce the correctness of some arguments (the
“logically correct ones”) to validity of logical forms; and we can reduce
the correctness of other arguments to such validity in an indirect way.
What about incorrectness? Can we say that any incorrect argument has a
counter-valid form or can be reduced to one that does?

This, unfortunately, does not seem to be the case. The logical form
of the incorrect argument (A9) appears to be (ALF9), which is certainly
not valid, but it is also not counter-valid (and there does not appear to
be another one that would be able to do better). Thus, its logical form
(which is such that it has both correct and incorrect instances) does not
tell us anything about its (in)correctness.

Thus, there appears to be an asymmetry: while correctness of argu-
ments can be accounted for in terms of logical forms (at least as a mat-
ter of principle), for incorrectness this is not possible.” Of course, even
accounting for correctness of arguments yields us, indirectly, an account
of incorrectness. If we manage to characterize, exhaustively, correct argu-
ments, we thereby characterize the incorrect ones as those that defy this

9. Cf. Svoboda and Peregrin (2016).
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characterization. In other words, if we find the criterion of correctness of
arguments, we have eo ipso a criterion of incorrectness.

But even if we restrict the task of logic only to account for correct
arguments (directly for the logically correct and indirectly for other cor-
rect ones), there appears to be another problem. Though we can account
for logical correctness in terms of valid logical forms, the trouble is that
valid logical forms are still too numerous to be simply listed. A solution
is something like an “axiomatic system,” listing some basic valid forms
and giving us ways to derive further valid forms from already given ones.
But before we look at this in greater detail, let us pay some attention to
the means that we use to articulate logical forms.



3 Languages of Logic

3.1 Simple Logical Symbols: Parameters and Constants

We saw that to articulate kinds of arguments, or their forms, we need
some symbols to substitute for those parts of arguments that are of no
interest, symbols like the A, B, a, P, or O that we used in the previous
chapter. It is important that these symbols are “empty,” that they are not
connected with any specific meanings. Such symbols are sometimes called
variables, but as we want to reserve this term for a more specific kind of
symbol we have employed another term. We use the word parameter.

The use of parameters is as old as logic. Take, for instance, the follow-
ing passage, from Aristotle’s Prior Analytics:

First then take a universal negative with the terms A and B. If no B is
A, neither can any A be B. For if some A (say C) were B, it would not
be true that no B is A; for Cis a B. But if every B is A then some A
is B. For if no A were B, then no B could be A. But we assumed that
every B is A. Similarly too, if the premise is particular. For if some
B is A, then some of the As must be B. For if none were, then no B
would be A. But if some B is not A, there is no necessity that some
of the As should not be B; e.g. let B stand for animal and A for man.
Not every animal is a man; but every man is an animal.

We can see that the letters A, B, and C (in the English translation) are
employed in a way similar to the one in which we employed them earlier:
they allow us to say not merely that if every horse is a mammal then it follows
that some particular horse is a mammal, but, more generally, that from every
premise of the form Every B is A there follows the conclusion Some B is A.!

Parameters are thus the principal means of abstraction. By abstract-
ing away certain parts of a sentence we reach a form (schema, template,
pattern, etc.), which, needless to say, is not itself a sentence and cannot
be considered, by itself, as either true or false. A schema can be valid,

1. Not that Aristotle would put it this way. The explicitly metalinguistic way of putting
things is mostly a modern innovation.
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which means that all its instances are true, or it can be counter-valid,
which means that all its instances are false. The same holds for argument
schemata (resulting from arguments by replacing one or more of their
sentences by schemata): such a schema is neither correct nor incorrect; it
can be valid (meaning that all its instances are correct) or counter-valid
(meaning that all its instances are incorrect).

Note that as we presuppose that there are pre-theoretically correct argu-
ments (namely those the conclusion of which follows from their premises),
we also presuppose that the forms we create become pre-theoretically valid
or not valid. Note also that from this viewpoint it is not the case that
arguments are correct because of their forms — a form is something that
is extracted from the arguments, not the other way around. Of course,
we can conjecture a (metaphysical or psychological) theory, according to
which the forms exist independently of the arguments (in some Platonist
heaven or in our minds) and prior to them; but such a theory would require
an underpinning over and above the facts we are considering here, the facts
concerning how our natural languages are employed by their speakers.

Parameters, of course, are not the only kind of symbols employed by
logicians. Another crucial kind is constants. Their role is very different
from that of parameters: while parameters are employed to express gener-
ality, constants are employed to implement rigor. Words and expressions
in natural language are often used in haphazard, fuzzy, and open-ended
ways; constants are employed to act as their rigorous surrogates. They
are to mimic the important and clear-cut parts of the functioning of their
natural language counterparts, while their functioning can be regimented
deliberately where the functioning of the natural language counterpart is
not clear-cut or does not interest us.

Consider the introduction of implication of Frege (1879, §5):

If A and B stand for contents that can become judgments . . . there
are the following four possibilities:

(1) A is affirmed and B is affirmed;

(2) A is affirmed and B is denied;

(3) A is denied and B is affirmed;

(4) A is denied and B is denied.

Now
A
l: B
stands for the judgment that the third of these possibilities does not
take place, but one of the three others does. Accordingly, if

Ts

B

is denied, this means that the third possibility takes place, hence that
A is denied and B affirmed.
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The only important issue for Frege was that implication must not lead
us from truth to falsity — so he takes his constant to map truth and falsity
on falsity. In most other cases, he might have thought, the implication
is true, but he was not interested in particularizing this, so he made the
constant map any other combination of truth values on truth. The result
does not quite match the functioning of the natural language if-then, but
it matches it to the extent to which Frege found it necessary.

Constants are not, by far, as old as parameters, their systematic employ-
ment came only in the second half of the nineteenth century.?

The relationship between the logical expressions of natural language
and artificial logical constants is thus reminiscent of the relation of expli-
cation as introduced by Carnap (1947, pp. 7-8):3

The task of making more exact a vague or not quite exact concept
used in everyday life or in an earlier stage of scientific or logical
development or rather of replacing it by a newly constructed, more
exact concept, belongs among the most important tasks of logical
analysis and logical construction. We call this the task of explicat-
ing, or of giving an explication for, the earlier concept; this earlier
concept, or sometimes the term used for it, is called the explican-
dum; and the new concept, or its term, is called an explicatum of
the old one.

Individual logical constants, as well as the whole formal language, can
be seen precisely as an explication of their natural prototypes (though the
fact that there is a feedback from them to the prototypes indicate that the
process in play is something more than merely the explication).*

It is crucial to fully appreciate the deep difference between the role of
parameters and that of constants. We will call the replacement of a natu-
ral language expression by a constant, appropriating the term of Quine,
regimentation. Regimentation thus leads us from a natural expression
with its natural meaning to an artificial expression with an artificial -
and hence artificially gerrymandered — meaning. We have already started
to call the replacement of a natural language expression by a parameter

2. The standard logical constants in the shape in which we know them today, i.e., sentential
operators, quantifiers, etc., were not introduced before the end of the nineteenth century,
when they were proposed by Frege, Peano, Russell, and others (see Grattan-Guinness,
2000). Some earlier precedents, though, can perhaps be found: the commentators of
Aristotle, for example, came to introduce the well-known shortcuts for the syllogistic
connections of the terms: a, e, i, 0. We can see those as short-hands for Every .. .is. ..,
Some . ..is...,Notevery...is...,No...is....

. See also Beaney (2004).

4. See Brun (2016) for an exposition of some intricacies of Carnapian explication.

(O8]
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abstraction; an abstraction thus leads us from a natural expression with
its meaning to a symbol which has no independent meaning at all.’

It is important to distinguish when a symbol (typically a letter) is used
as a parameter and when it is used as a constant. Note, however, that the
difference between a constant and a parameter can be understood on two
levels. In the first sense, the difference between them is just a matter of the
intention of those who introduce the symbols, in particular of whether
they want to see them as firmly associated with specified elements of
natural language. Thus, the symbol P, which we use to replace dog when
we regiment Fido is a dog as a is P, or as P(a), may be an (extralogical)
constant if it is intended to be tied specifically to dog (and hence then not
to be used for the regimentation of mouse in Mickey is a mouse), while
if it is not intended to be tied to any specific expression and it is used
as a mere placeholder for any kind of common noun or predicate (and
hence can be used for mouse as well as for dog), it will be a parameter. To
emphasize the difference, we will usually use italic letters as parameters
and letters printed in bold italics as constants.

The other level of difference between a parameter and a constant is
based on the fact that the intention to use something as a constant nor-
mally leads to specifying its behavior within arguments in some explicit
and exact way. Indeed, this is the point of regimentation. Hence, from
this viewpoint something is a constant iff there is this kind of specifica-
tion. On this level, then, the difference between a constant and a param-
eter is the difference between a term the behavior of which in arguments
is “canonized” and that for which this is not the case.

Fixing some arguments, or types or arguments, in an artificial language
as correct is to create a theoretical relation that consists of the correct
arguments and that is to act as the theoretical counterpart of the pre-
theoretical relation of following-from — we will call it the relation of
inference. Hence, the role of an expression within this relation can be
dubbed its inferential role — thus, the inferential role of an expression
amounts to the “contribution” of the expression to the correctness of the
arguments in which it occurs.

3.2 Artificial Languages of Logic

While both parameters and constants are well-known from the history of
logic (though, as we have noted, the history of the latter is much shorter
than that of the former), the idea of using them to construct a self-
contained artificial language (or perhaps “language”) appeared no earlier

5. This terminology was introduced by Svoboda and Peregrin (2009); and then subse-
quently developed by the same authors (Peregrin & Svoboda, 2016, 2017).
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than in the second half of the nineteenth century. Frege especially realized
that instead of local explications of various locutions of natural language,
we can have one global explication of the whole language — an artificial
language that could serve as a “logical proxy” of the natural one.

Logicians of Frege’s ilk started to feel that the two kinds of symbols
used to articulate forms of correct arguments could be developed and
integrated with each other so that they could form wholly self-contained
artificial languages. Frege’s (1879) Begriffsschrift was probably the first
truly self-conscious attempt, but there were others; Boole (1848) before
him, Peano (1897) shortly after him, and, of course, Whitehead and Rus-
sell (1910) still later.® Since then, the attention of logicians has shifted
almost completely to the new, artificial languages, as though they were
the true vehicle of our reasoning, which constitutes the subject matter of
logic. This was backed up by the Russellian doctrine of the logical forms
of expressions as being something real, something that is concealed by
the surface forms of the expressions but that is the ultimate subject mat-
ter of logic. Hence, artificial languages started to look like the means
for an entirely transparent representation of the logical forms that are
represented — not very transparently — by the means of natural languages.

Viewed thus, an artificial language of logic, which, unlike natural lan-
guage, represents logical forms in a transparent way, appears to lead us to
a “surpassing” of natural languages. And indeed, some logicians (like, for
example, Carnap)’ seemed to assume that the languages of logic provide
us with better language forms, and hence potentially better languages
than the natural ones. The view of the ur-father of modern logic, Frege,
was much more modest. In his Begriffsschrift, he compared his artificial
language to the microscope (p. 5):

Because of the range of its possible uses and the versatility with which
it can adapt to the most diverse circumstances, the eye is far superior
to the microscope. Considered as an optical instrument, to be sure,
it exhibits many imperfections, which ordinarily remain unnoticed
only on account of its intimate connection with our mental life. But,
as soon as scientific goals demand great sharpness of resolution, the
eye proves to be insufficient. The microscope, on the other hand,
is perfectly suited to precisely such goals, but that is just why it is
useless for all others. This ideography [Begriffsschrift], likewise, is
a device invented for certain scientific purposes, and one must not

6. See Grattan-Guinness (2000) and Haaparanta (2009).

7. The so-called principle of tolerance, put forward by Carnap (1934, pp. 44-45), implies,
according to the author, that “everyone is at liberty to build his own logic, i.e. his own
form of language, as he wishes”, hence natural language has no precedence over any-
thing better that we can engineer.
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condemn it because it is not suited to others. If it answers to these
purposes in some degree, one should not mind the fact that there are
no new truths in my work.

We have already noted that even this modest claim has not quite mate-
rialized; not even scientific treatises (nor mathematical ones) have come to
be written in a language of logic. Despite this, the theories of modern logic
have influenced, in various ways, the languages of science and to some,
modest extent perhaps also ordinary argumentation and natural languages.

The relationship between natural language with its pre-theoretical
following-from and an artificial language of logic, as it has been sketched
so far, is depicted in Figure 3.1. The bottom rectangle represents the

parameters constant

A FORMAL
LANGUAGE OF
LOGIC

1

regimentation
jL—5 |

If it is Monday, then Rex is at home
Rex is at home
Fido howls

If Fido howls, then he is sick
Eida ic ciclr

j'r /4
/ It is Monday

It rains
If it rains, then the streets are wet
The streets are wet

Lassie is a dog
Lassie is an animal

Rex is a dog

Rev i an animal

Fido is a dog

It is Monday today
It will be Tuedsay tomorrow

Figure 3.1
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natural language with various kinds of correct arguments (instances of
following-from). If we “abstract away” extralogical expressions (replac-
ing them by parameters), we move to the level of forms (represented by
the middle rectangle), some of which are logical forms and some of which
are valid. If we further “regiment” logical expressions (namely, replace
them by stipulatively produced constants), we reach the upper rectangle
representing a formal language of logic.

3.3 Formal and Formalized Languages

The most straightforward way of combining constants and parameters
to produce an artificial language useful for logic is replacing logical
expressions of natural language by constants and the extralogical ones
by parameters. (This, to be sure, presupposes that we have the dividing
line between logical and extralogical vocabulary of natural language.)®
This leads us to a language which we will call formal (see Figure 3.1).
It is important to realize that the “sentences” of a formal language are
schemata, and hence not direct counterparts of the sentences of natural
language. A formal language, strictly speaking, is not a language but a
language form.

Alternatively, we can replace all expressions of natural language by con-
stants. This presupposes that we can also produce constants adequate to
extralogical expressions — extralogical constants. This is to say that we can
define constants whose inferential roles (“meanings”)’ approximate those
of natural language extralogical expressions (or those of their part that we
are interested in). Especially in the case of empirical expressions, this is not
quite so easy. However, it is generally taken for granted that there are ways
to do it — within the framework of intensional logic, for example.!°

We will call a language that results from such a general regimenta-
tion, following Tarski (1935), a formalized language. Note that the sen-
tences of a formalized language, unlike those of a formal language, are
on the same level as those of natural language — they can be (considered)
true or false. Thus, there is a basic difference between formal languages
(which are, strictly speaking, not languages but rather language forms)
and formalized languages (which are “fully interpreted” languages). See
Figure 3.2."

8. See note 8 in Chapter 2.

9. The inferential role is that part of the meaning of an expression that is the direct subject
matter of logic. I leave aside the question as to whether it could be seen as exhaust-
ing the meaning of a constant, which is the claim of so-called inferentialism (Peregrin,
2014) and perhaps also of proof-theoretic semantics (Francez, 2015).

10. See, especially, Montague (1974) and his followers. See also Peregrin (2006a).

11. Note a difference between Figure 3.1 and Figure 3.2. A formal language results from a
regimentation and an abstraction; but the two steps can be carried out in any order. So
while Figure 3.1 depicts regimentation as following abstraction, Figure 3.2 has it the
other way around.
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not valid valid
4 A FORMAL
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LANGUAGE OF
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not correct| (not correct correct correct| correct, correct
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It rains nat correct It is Monday cprrect
If it rains, then the streets are wet If it is Monday, then|Rex is at homie
The streets are not wiet Rex is at home
It is Monday not correct Fido howls correct
If it is Monday. then Rex is at home If Fido howls, then he is sick
Rex is not at home Fido is sick
The streets are not wet correct It rains correct
If the streets are not wet, then they are wet If it rains, then the streets are wet
The streets are not wet The streets are wet

Figure 3.2

It is important to keep in mind that the terms formal or formalized are
often also used in a quite different sense, namely for a language (or some-
thing else) which is produced exclusively by our definitions. It would be
perhaps possible to call such languages ideal; but we will mostly simply
speak about artificial languages. Both our formal and formalized lan-
guages are artificial in this sense; the difference is that a formalized lan-
guage is an artificial simulacrum of a language, while a formal language
represents a language form.

Thus the distinction between a formal language and a formalized one
is quite important; but it is often obscured. It is clear that we can turn a
formalized language into a formal one by dropping the “meanings” of
extralogical constants; and it seems that we can do something very simi-
lar if we do not really drop the “meanings” but only “disregard” them.
In this sense, it seems that we do not need any formal languages, only
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formalized ones in which we sometimes change the way we consider extr-
alogical constants. However, there is a difference between a symbol with
no meaning and a symbol that does have a meaning that we are, however,
not interested in; and this difference may be, sometimes, crucial.'?

Note also that, as we saw, what makes an expression a parameter or a
constant, in one sense, is a matter of its intended relationship to something
outside the artificial language to which it belongs, and, in another sense,
a “superstructure” of the language: a specification of the inferential roles
of constants, but not of parameters. It follows that if we deal alone with
the language, disregarding its relationship to a natural language, and if we
disregard any “superstructure,” the distinction between a constant and a
parameter becomes void; in such a case we will use the neutral term word.

We can imagine a language as a vocabulary, divided into syntactic cat-
egories plus syntactic rules, each of which builds an expression of a speci-
fied syntactic category out of expressions of specified syntactic categories.
(Thus a usual rule of the language of propositional logic builds a sentence
out of two sentences and a binary sentential operator.) If <W>,_, is the
collection of syntactical categories (where a category is identified with the
set of its words) and <R;>;; is the collection of syntactic rules, then we
can identify a language with the ordered pair

<<W>ip, <Rj>p>.
In fact, of course, language consists not only of words but also of com-
plex expressions coming out of the words by means of rules. If we extend
every category by all the complex expressions of the category, we will
have a structure which is called a many-sorted algebra and which we will
denote as
<<C;>

icl» <R,»>,-€]>.
To indicate that the algebra is generated by the words (and the rules), we
will also write

<[<W>1, <R;>; ;>

Language in this sense, without any specification of inferential roles (not
to mention meanings), will be called a bare language.

12. We saw that if I formalize Fido is a dog as P(a) so that P and a are constants corre-
sponding to is a dog and Fido, respectively, I cannot use the same constants to formal-
ize, say, Mickey is a mouse. But once I “disregard” the meanings of P and g, it becomes
possible to formalize Mickey is a mouse as P(a) (of course, if the two formalizations are
independent, i.e., if they are not, e.g., parts of a formalization of a single argument).
This introduces a treacherous ambiguity of P and a, which, obviously, would be better
to avoid by using different kinds of symbols in both cases.
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A formal language arises from a bare language if we specify the inferential
roles of those of its expressions that we want to treat as constants. A formal
language understood in this way may be also called a logical system. (Of
course, this label makes nontrivial sense only in the case of a formal language
that is useful for logical purposes.) We will sometimes speak simply about a
logic rather than about a logical system, as is usual; but as this term is obvi-
ously hugely ambiguous, it must be done with a certain care.

We may see the relationship between formal and formalized languages
as between kinds and their instances. We have seen that a formal lan-
guage is a language form, articulating a logical skeleton that may be
shared by many different concrete languages; and a formalized language
may be an instance of this form, its embodiment resulting, as it were,
from adding meat to this skeleton. To get from a formal language to a
formalized one we must replace the parameters of the formal language by
extralogical constants, that is, to supply (some of) them with inferential
roles (and drop the rest). We can therefore get, for example, from the
formal language of the first-order predicate logic to the formalized lan-
guage of Peano arithmetic: while the former contains, aside from logical
constants, unlimited sets of parameters, the latter contains, aside from
the logical constants, only a few extralogical constants, such as 0 or +.

Formalized languages that embody, in this way, the structure spelled
out by a formal logical language are sometimes called theories within the
logic that is articulated by the formal language. Thus, for example, for-
malized languages that embody the structure of first-order predicate logic
are called theories within first-order logic or just first-order theories.'3
Hence, when we embed Peano arithmetic into the mold of first-order
predicate logic, we speak about a first-order theory.!*

BARE LANGUAGE = vocabulary + syntactic rules

FORMAL LANGUAGE (LOGICAL SYSTEM) = bare language + specification of inferential
roles of logical constants

FORMALIZED LANGUAGE = formal language + specification of inferential roles of
extralogical constants

Figure 3.3

13. See, e.g., Mendelson (1964).

14. Let us note that the term “theory” is often used in a more abstract sense, for a set of
sentences of a language. Theories in the sense of formalized languages (such as Peano
arithmetic) can be seen as special cases: they too can be identified with sets of sentences,
for the apparatus that is needed to make all the expressions of the language in question
into constants also delimits a set of sentences that constitute the theory.
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Remember that for a symbol to be a constant it is sometimes enough
for it to be intended as a constant, that is, to regiment a specific element
of natural language. What makes it into a constant in the nontrivial sense
is that it has an explicitly fixed inferential role. Thus, while in the case of
a formal language we have an apparatus for fixing the inferential roles
of a certain part of the vocabulary only (namely of the logical constants),
in the case of formalized languages we need the specification of the infer-
ential roles of all expressions of the language. If we specify the roles in
terms of a calculus, then moving from a logic to a theory within the logic
is extending the calculus to not only account for the inferential roles of
logical constants of a formal language but also the extralogical ones of a
formalized one.

Let us, to conclude, sketch the standard definition of the simplest com-
monly used formal language of logic, the language of propositional logic.
The vocabulary of this language consists of an unlimited stock of senten-
tial words (A, B, C, Ay, ..., A,,...), the unary sentential operator —, and
the binary sentential operators A, v, and — (or some subset thereof). Then
every sentential word is a sentence, and if ¢ and y are sentences, then also
—@, (dAy), (dvy), and (¢—y) are sentences. (The outermost brackets of
a sentence will usually be omitted.) It is this language that underlies the
most basic logical calculi. See the summarization in Figure 3.4.

3.4 Structure of the Artificial Languages of Logic*

An artificial language, as understood in this book, is something we create
by means of definitions. We assume that an artificial language consists

Vocabulary:

Sentential words: 4, B, C, A1, ..., An, ...

Unary sentential operator: —

X Binary sentential operators: A, v, =
Syntactic rules:

A sentential word is a sentence
If O is a unary sentential operator and ¢ a sentence, then O¢is a sentence

If O is a binary sentential operator and ¢ and y are sentences, then (g0 )

is a sentence

Figure 3.4
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of a vocabulary (its elements, words, being usually divided into syntactic
categories), a set of syntactic rules, which determine how to compose
complex expressions of various categories out of simpler expressions.
A distinctive syntactic category is that of sentences; its members may be
composed into arguments. The syntactic rules thus determine the set of
(well-formed) expressions of the language, the vocabulary being its sub-
set. In a typical case, a language of logic is supplemented by a calculus
and/or a formal semantics (which we will discuss in detail later). We have
already dubbed the mere delimitation of expressions of a language a bare
language.

I find it useful to articulate this, in a more rigorous way, in algebraic
terms. However, I do not want to discourage readers for whom algebra is
not a preferred prism and have therefore marked this section (and some
more sections in the rest of the book) by an asterisk, indicating that it can
be skipped without losing any relevant context.

From an algebraic viewpoint, a language can be seen as what is called
a many-sorted algebra (Goguen et al., 1977; Janssen, 1986), that is, an
ordered pair

<<C>iep, <Ri>i 5>,

1

where I and | are finite sets of indices, each C; is a set (the elements of
which are called expressions of the category C;; each R; is a function with
an assigned signature <C;, ..., C,, C, > for some {i;, . . ., i, i, <1,
which means that R; is a function from C; x...x C;, to C; ..

Moreover, we assume that there is a collection <W>,_; such that each
W. is finite and <C;>,_, is the smallest collection of sets such that it con-
tains <W;>,_; (in the sense that C, contains W, for every iel) and is closed
w.r.t. all of R/’s. The elements of W, are then called words of the category

C," We will also denote this algebra as
<[<W>ig ], <Rj>jp>.

Moreover, what is characteristic of language is that one of its sorts or
categories is distinguished — the category of sentences. Hence, we can
say that a language is a finitely-generated many-sorted algebra with a

15. For obvious reasons, we assume that a language must be based on a finite vocabulary.
This may seem to conflict with the fact that some formal languages of logic, such as
predicate calculus, are usually presented as based on an infinite set of categories, each
of which, moreover, contains an infinite number of words. However, such generous
definitions are usually meant not as delimiting languages in the strict sense but rather
as “reservoirs” out of which any really usable language of the corresponding structure
can draw its restricted resources.
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distinguished sort.'* We will, however, often look at a language simply as
the set of its sentences.

Expressions of a language are categorized into sorts, but there is also a
finer categorization having to do with the way the expressions are formed
by means of rules — categorization in terms of the forms of the expres-
sions. In particular, any element of the algebra can be assigned what Jans-
sen (1986) calls a “term” and what is the explicit record of the way
in which the element results from the generator of the algebra. (If, for
example a = Ry(ay, . .., a,),and a, = Ry(b,, ..., b,), wherea,,...,a,,
by, ..., b, are among the generators, then a “term” associated with a is
“Ri(ays - o« s @pys Ry(byy ... b,)).”) If X is a subset of the generators of
the algebra, then an X-form of an element is the “term” associated with
it in which all words with the exception of the elements of X are replaced
by meaningless symbols (of the kind of our parameters). (Continuing our
previous example, if ay, . . ., a,  belong to X, but b,, . .., b, do not, then
an X-form of @ may be “R,(ay, . .., a,, Ry(x, . .., x,,)).”) In what fol-
lows, we will usually treat forms in much more abstract ways.

One possibility of how to finalize a bare language into something that
can be used by logic is adding a calculus. A calculus stipulates which
sentences of the language are inferable from other sentences. It equips
certain words of the language, namely constants, with inferential roles.
As we assume that some arguments of natural language are correct and
others are incorrect, words of natural language also have their inferen-
tial roles (though much more fuzzy and indeterminate), and this makes
it possible to take the constants with their stipulated inferential roles as
the explications of certain words of natural language with their natural
inferential roles.

Another possibility is to enrich the bare language with a formal
semantics — to assign the constants some explications of the meanings
of the words to which they correspond. In the next chapter, we will
start to investigate the nature of logical calculij later, we will turn our
attention to the systems of formal semantics.

16. This definition could be further narrowed down: we might, for example, require that
every expression is part of a sentence (where we can define the relation is part of in the
obvious way on the basis of the syntactic rules), and/or we may require that the algebra
be free, etc.
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4.1 Conjunction

Let us review the most straightforward ways in which we can introduce
logical constants. Consider the English connective and. It is obvious that
if It rains and The sky is cloudy, it follows that It rains and the sky is
cloudy, and, conversely, if It rains and the sky is cloudy, it follows both
that It rains and The sky is cloudy:

It rains, The sky is cloudy; hence It rains and the sky is cloudy
It rains and the sky is cloudy; hence It rains
It rains and the sky is cloudy; hence The sky is cloudy

Moreover, this seems to be a matter of the connective and alone; hence,
if we abstract away the concrete sentence, we get the pattern

A, B; hence A and B
A and B; hence A,
A and B; bhence B,

which is valid in the sense that whichever sentences we substitute for the
parameters A and B, we get conclusions that follow from the premises.

But perhaps this is not without exceptions. Note that, given this pattern,
B and A follows from A and B. (Indeed, B and A follows from B and A,
while both B and A follow from A and B.) However, English sentences of
the shape A and B and B and A are not always taken to follow from each
other, for and is often taken to indicate the time succession, so that Tom fell
down and lost his consciousness is not taken to follow from Tom lost his
consciousness and fell down (nor, for that matter, vice versa).

This may lead us to introduce a regimented version of and, A, which is
governed exclusively by the pattern

A, B— ArB
AB A
ArB B
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and the inferential role that is exhausted by this pattern. A is thus a sim-
plified and exactly delimited version of and, which in many cases can be
used in place of it.

Let us add a few remarks. Although it is commonly accepted that in
this way we make A into a fair regimentation of and, we saw this does
not mean that it captures its behavior in arguments in all details. The fact
that A does not capture this behavior of and perfectly does not disqualify
it as its regimentation. On the contrary, A is part of a model of the natural
language, and it is in the nature of a model that it simplifies, idealizes,
and streamlines. As long as we keep in mind that such a simplification is
in play, the simplified regimentation can serve us quite well.

Note also that this very simplification is not inevitable or somehow
inherent to the process of regimentation. We may develop a logical con-
stant that would be more faithful to the English and. (And indeed such
versions of conjunction were proposed, for example, within the frame-
work of dynamic logic.') Working with models is generally a matter of
a trade-off between the adequacy with which a model captures what it
models and its simplicity. In this particular case, we could also consider
whether such a deviation from the standard analysis does not take us
beyond the boundaries of logic: perhaps and only partly acts as a logical
word and the aspect of its behavior which concerns time expresses its
non-logical component.

Note that out of the three argument forms (rules) that we accepted to
specify the inferential role of A, one has the constant in the conclusion
only, while the other two have it in the premise only. The rules of the first
kind are usually called introduction rules (“I”), while those of the second
kind are called elimination rules (“E”).2 Hence, we can assign mnemonic
labels to the individual rules

(Al) A, Bl ArB
(AE1) AAB A
(AE2) AAB —B.

4.2 The Nature of Following-From

When we talked about the pattern governing and, we took for granted that
following-from in English has certain properties. We reasoned that as

A, B; hence A and B.
A and B; bhence A,
A and B; hence B,

1. See Peregrin (2000b).
2. The terminology derives from Gentzen (1935a).
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it is the case that
A and B; hence B and A.

The reason was that when C follows from A and B and both A and B
follow from D, then C follows from D. This can be decomposed into two
simple properties of following-from:

If [X, A, Y; hence B] and [Z; hence A, then [X, Z, Y; hence B]
and
If [X, A, A, Y; hence B], then [X, A, Y; hence B],

where X, Y, and Z stand for arbitrary sequences of sentences.
Both of these properties seem to be obvious. Are there any others? It seems
that another property is that the order of premises is irrelevant, that is,

If [X, A, B, Y; hence C], then [X, B, A, Y; hence C].

The last two properties of following-from only spell out the fact that
while officially we take the premises as forming a sequence, in fact we
treat them as merely forming a set.

Then there is the fact that by adding a surplus premise we cannot dis-
tort a case of following-from, that is,

If [X, Y; hence A], then [X, B, Y; hence Al.

This is a property perhaps slightly more controversial than the previ-
ous ones, for one may feel that a genuine premise of an argument is to do
a nontrivial job, hence that there is a sense in which, for example, A and
B does not follow from A, B, and C - for it follows from A and B alone.

The last trivial property of following-from is that any sentence follows
from itself, hence

A; hence A.

Note that, again, it is not so that following-from in a language such as
English would clearly and unambiguously have these properties; in some
cases, the properties may be disputable. This is to say that if we reconstruct
following-from using these principles, we gain its reasonable approximation —
an approximation that presents a perhaps simplified version of following-
from, but a version that can be handled in an exact way.

Let us consider, for the sake of illustration, a very simple formal lan-
guage, consisting of the sentential words A, B, C, and the single logical
constant A. This formal language is intended to capture the arguments
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that are correct thanks to the and as regimented by the constant A. We
stipulate the following pattern

AAB — A,
AAB — B,
A, B — ArB,

and assume that the relation |— has the previous properties. It follows
that, for example, the following is the case

B, A |— ArB,

A, B, C — AAB,
A, B, C —AABAC),
etc.

Of course, as A, B, C, . . . are parameters, any one of them can serve to
articulate a pattern as well as any other, hence if

A, B F— AAB,
then also

A, C F— ArC,
C, B —CnB,
etc.

This may be treated as another property of — within our formal language
(namely, the toy language that contains — aside from the logical constant A —
only meaningless parameters). By a systematic replacement of parameters in
an instance of |—, we always get another instance of |—. (This kind of prop-
erty, needless to say, does not concern following-from in a natural language
as this does not contain any meaningless parameters but only meaningful
expressions. )

Note that, given these properties of F—, we can show that we can use
the single sentence AAB among the premises of an argument just in case
we can use the sequence A, B:

X,A,BYI—C
if and only if

X, AAB,Y —C.
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Indeed, if the first of them is the case, then we can use (AE1) and (AE2)
to get

X, AAB, AAB,Y —C,

which reduces to the second. Conversely, if the second is the case, the first
one is yielded directly by (Al).

This provides for the possibility of “amalgamating” the premises of
arguments: any argument can be brought to a form where it has not more
than one premise.

4.3 Implication

After we have touched upon conjunction, let us look at another standard
logical operator, implication, which we will denote, as usual, as — and
which we introduce as a regimentation of the English if-then. The most
basic characteristic feature of implication is that it obeys the modus pon-
ens rule:

(MP) A, A>B |—B.

In case the premise A— B is itself inferable from the empty sequence of
premises, we can leave it out, hence (remember that the sign “//” sepa-
rates the arguments, which form the premises of a metaargument, from
its conclusion)

(Ded-) — A—B// A B.

If we also had the converse of this, namely

(Ded+) A F—B// — A—B,

it would be the case that B would be inferable from A just in case A—B
were inferable from the empty sequence of premises. Sentences inferable
from the empty sequence will be called theorems.

This would make it possible to express each correct argument with a
single premise as a theorem of the form of implication. Let us call the
sentence A—B the internalizer of the argument A |— B. If we then have
implication governed by (MP) and (Ded+), an argument with a single
premise is correct (its conclusion is inferable from its premise) if and only
if its internalizer is a theorem.

Let us note that the ability to “internalize arguments” seems to be one
of the important capabilities of connectives of the kind of the English i
then: it seems to be important that I rains being inferable from It rains
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and it is dark is tantamount to If It rains and it is dark then it rains being
(necessarily) true.’

Let us also note that the characterization of — in terms of (MP) and
(Ded+), which may also be rechristened as (—E) and (—I), is different
from the characterization of A in terms of (AE1), (AE2), and (AI). While
all of the latter are argument forms, (—I) is a transition from an argu-
ment form to another one. This is unavoidable insofar as implication is
to act as the tool of the internalizing of arguments. This indicates that
the picture in which we would characterize logical constants in terms of
arguments is oversimplified.

What about the internalization of arguments with more premises,

A,..., A A2

Can we internalize them? If we also have a conjunction and hence can
amalgamate premises, then an internalization might be

(AjA ... AA)—A.

Even without conjunction, an internalization would be possible if
instead of (Ded+) we had the more general:

(Ded+*) X, A F—B// X — A—>B.

In this case, obviously, the general argument would be internalized also

by
(Aj> ... (A,—>A)...).

Hence, let us call a sentence of this form the internalizer of the argu-
ment of the corresponding form A, ..., A, — A. (The internalizer of the
argument — A with no premises will be A.)

Aside from letting us internalize arguments, implication also lets us
internalize certain metaarguments in the sense that it provides a sentence
which is a theorem if and only if the metaargument holds. Consider the
metaargument

XA . XA IIX A

3. According to the doctrine of logical expressivism (Brandom, 2000; Peregrin, 2008; Ara-
zim, 2017), something like this is what constitutes the point of having implication in a
language.
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It is easy to see that it holds if and only if the following argument holds:
A, ..., A, A4
and hence that its internalizer, namely
(Aj—> ... (A>A)...),

is also an internalizer of the metaargument.
For suppose that the argument holds and instantiate X as A, ..., A,.
We have

A, A FAs. A, . A A ITA,... A A

Then, as all the premises hold, so does the conclusion.

Suppose, conversely, that A,, ..., A,— A holds and that X}|— A, .. .,
X | A,. Then, obviously, X }— A holds thanks to the properties of infer-
ence stated previously; in particular A,, ..., A,}—Aand XA, ...,
XA, entail X, . .., X} A, which in turn entails X — A.

In this way, we can express the whole of the relation of inference
between the sentences of the language underlying the standard calculi of
propositional logic in terms of the sentences of the calculus. This is an
important possibility and almost every logical calculus has an implica-
tion, which serves as a tool of internalization.

4.4 Negation

We have seen that the rules governing conjunction are quite simple and
transparent; and that those governing implication, though they are a bit
more complicated, are also relatively transparent. But the situation is
more complicated with a further operator that appears to be a sine qua
non of logic, namely negation.

The trouble with negation, we can say, is the following. While con-
junction can be said to directly “extend” following-from (a conjunction
of two sentences follows from given premises if and only if both the
premises follow from them) and the same can be said, though perhaps in
a less direct sense, about implication (an implication follows from given
premises if its consequent follows from the premises together with the
antecedent), negation seems to be related to cases of non-following. It
would seem that the negation of a sentence follows from some premises
only if the sentence itself does not (unless, of course, the premises are
such that everything follows from them).

One way of accounting for this would be to accept that aside from the
natural relation of following-from that holds among sentences of natural
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language, there is another relation, something like counter-following-
from, which we can reconstruct as —|, such that

A,...,A—A
reads as
if A, ..., A, are the case, A is not the case.

Then we can characterize the constant —, which is to regiment negation,
so that

A, ... A=A iff A,...,A —A

This is a route that some logicians have taken (though most of them
relatively recently), and it is usually called bilateralism.* The trouble with
it is that while it is quite plausible that in natural language some sentences
(are taken to) follow from other sentences, to say that, aside from this,
some sentences “counter-follow” from other sentences (or whichever term
we want to use for this relationship) does not seem to be so plausible.® (The
situation is quite different if we do not merely look at the practices of nor-
mal speakers of natural language, but concentrate on the practices within
science, especially mathematics — there refutation can be perhaps taken as
an enterprise of its own, relatively independent of that of proving.)

Another possible way would be to accept that aside from the relation
of following-from, there is a pre-theoretical property of inconsistency per-
taining to sets of sentences. That there is such a pre-theoretical property
is perhaps less counterintuitive than the relation of counter-following; it
would seem that normal speakers of a natural language should be willing
to ascertain that not only do some sentences follow from other sentences,
but that also some sentences do not “fit together” — thus a normal speaker
of English is likely to accept that Fido is a dog and Fido is a cat, or Adam
is bigger than Bill, Bill is bigger than Charlie, and Charlie is bigger that
Adam, are inconsistent. Given this property, it is easy to define the relation
of counter-following in its terms. If we reconstruct the former as 1 (so that
1A, ..., A,says that the sequence A,, . .., A, is inconsistent), then

A,...,A,—A iff 1A,..,A,A
and hence

Ay A=A ff LA,...,A, A

s Ly

4. See Restall (2013) or Ripley (2017).

5. The practices of argumentation, which constitute a relatively common “language game,”
usually proceed via “giving and asking for reasons” (a phrase coming from Brandom,
1994) for a conclusion.
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Then there is also a third way, rejecting the recognition of any other
pre-theoretical relation or property aside from following-from and trying
to further reduce incompatibility to following-from, so that

A,...,Al——A iff A,...,A,, Al Bforevery B.

This is somewhat reminiscent of the rhetorical figure when, instead
of claiming this cannot be the case, 1 claim: if this is the case, then any-
thing is. (It is a form of the (in)famous ex falso quodlibet argument that
assumes that anything follows from false premises, which we will discuss
in greater detail later.)

The last option is to consider inconsistency as the only truly primitive
concept and try to define following-from in its terms:*

A, ..., A, —Aiff foreveryB,,...,B,,if LA B,...,B,, then
1A,...,A,B,...,B

e

Let us, then, admit that there is a relation of inconsistency, be it primitive or
reducible to following-from. We can say that negation is basically character-
ized by the fact that X, A is inconsistent if and only if X — —A. Thus, we have

(—I*) if X, A is inconsistent, then X }— —A
(—E*) if X }— —A, then X, A is inconsistent.

Now, if we assume that X is inconsistent iff X |— A for every A, (—I*)
and (—E*) entail

(~E) A,—A |—B.

To see that (—E) holds, take the special case of (—E*) where X is —A.
As —A }— —A, we have that A, —A is inconsistent, which means that eve-
rything is inferable from it.

Seeing that (—I) holds is slightly more complicated. So assume that
X, A B and X, A }— —B. This yields us, via (—E), X, A |— C for
every C, and hence the inconsistency of X, A. Given (—I*), this yields us
X }_ _|A.

It is also the case that, conversely, (—E) and (—I) imply (—I*) and (=E*). (—I*)
is obviously a direct consequence of (—I), whereas (—E*) follows from (—E).

4.5 Disjunction

The last common sentential operator is disjunction, v, regimenting the
connectives of the kind of the English or. One possibility to introduce it

6. See Peregrin (2015).
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is to compose it of conjunction and negation, or implication and negation
so that the sentence

AvB

is treated as the shorthand for
—(~Ar—B)

or for
—-A—B.

An alternative possibility is to define it directly in terms of the follow-
ing inferential rules:

(vI1) A }— AvB
(vI2) B |— AvB
WE) X,Al—C;X,B}—C//X,AB |—C.

While the introduction rules (vI1) and (vI2) are obvious, (VE) is a
“metarule” and it is perhaps not so obvious. It stipulates that whenever
a conclusion follows from each of the disjuncts, it also follows from the
disjunction.

Conjunction, implication, negation, and disjunction are the most
common sentential operators; we will call them the core operators
of propositional logic. Putting together all the introduction and
elimination rules for the operators we have assembled so far, we
have:

Al AAB — A,

AE1) AAB |— B,

AE2) A, B |— AAB.

VIl) A }— AvB

vI2) B }— AvB

VE) X,A}—C;X,B—C//X, AvB |—C.
) X,Al—B//X}—A—>B

E) A>B,A|—B

~I) X,A—B;X,A}——B//X}—-A
—~E) A,—A |—B.

9
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(
(
(
(
(
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(Needless to say, instead of the particular parameters we have used, A, B,
C, ..., we could have used any other.)

This assembly will lead us to what we will call a Gentzenian calculus
for intuitionistic logic. But before we can move to its rigorous formula-
tion, we must say more about formal languages and calculi.



5 Gentzenian Logical Calculi

5.1 A Gentzenian Calculus

It is now time to take more seriously the fact that in trying to regiment
the most basic logical elements of natural language (such as and or if-
then), we create a new, artificial language. So far we have considered the
regimented versions of the elements, constants like A or —, as just our
way of investigating the “inferential behavior” of the English words (or,
for that matter, analogous words in other natural languages). But it has
turned out to be helpful to look at the languages that arise as the by-
products of such investigations as kinds of languages in their own right.

The language that we assembled in the course of the previous chapter
was already characterized at the end of §3.3: its vocabulary consists of
an unlimited stock of sentential parameters (A, B, C, Ay, ..., A, ...),
plus the logical constants —, A, v, and — (or some subset thereof); and
a sentence is either a sentential parameter or an expression of one of the
forms —¢, (¢ Ay), (dvy), and (¢—>y), where ¢ and y are sentences. (We
usually leave out the outermost brackets of a sentence.)! This language
“regiments” certain very general structures of English and serves as a
basis for the definitions of calculi producing relations of inference, which
“regiment” certain parts of the relation of following-from that holds
among English sentences.

We have already stated that in modern logic the fact that correctness
of arguments is accounted for in terms of calculi that are, however, for-
mulated not directly for the natural language to which the arguments
belong, but rather for some artificial language, is ubiquitous. The artifi-
cial languages are meant to capture the logical forms of sentences of the
natural language — hence serve as models of natural language in the sense
discussed in §1.2. We try to indicate that the most basic regimentation,
carried out with the aim of constituting such calculi, does not force us to

1. As is well-known, the language could also be formulated entirely without the brackets
in the so-called Polish notation, due to Lukasiewicz — so these symbols are to be seen as
dispensable auxiliaries. See Mendelson (1964, p. 21).
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deviate from the natural language in a too non-transparent manner. We
have already seen that the regimentations that lead to the common sen-
tential operators are mostly a matter of what can be called “direct regi-
mentation”; that is, replacing a word or a phrase of a natural language
by means of an explicitly and rigorously defined constant. Given this,
the relationship between the natural language and the emerging artificial
language is still rather transparent.

What is crucial is that the model has a certain independence from the
phenomenon it models, and, dealing with it, we can forget about some
of the perplexities of the real phenomenon (for they are just not present
within the model) and can concentrate fully on the investigation of the
simpler model. (It is only after we reach some interesting results concern-
ing the model that we return to the perspective from which the model is
just our way of studying the phenomenon and try to project the results
back on the original phenomenon.)

Hence, if we return to our example of a toy formal language, consist-
ing of the sentential words A, B, C and a single logical constant A, we will
look at it as not just a means of capturing something from English, but
as a kind of language in its own right. We forget that A, B, C were intro-
duced as parameters, which were to “abstract away” extralogical expres-
sions; we take them just as basic building blocks of the new language. We
have seen that the basic arguments we take for correct are

A, B }—AnB,
ANB | A,
ANB —B.

Also we have seen that the pattern holds not only for A and B, but rather
for any pair of sentences of the language. To account for this, we can employ
some new kinds of letters, for example, ¢ and y (which are not elements of
our language, but rather means we will use to talk about it), and write

(AD) by —dry,
(AED) ¢ap |9,
(AE2) ¢ry f—y.

(If we were not to forget that the symbols A, B, C are already parameters,
then ¢ and y would appear to us as “metaparameters.” This is slightly
strange, for in this case already the language we are considering is a lan-
guage of forms that is to capture kinds of arguments in a natural lan-
guage, and now we need to capture kinds of arguments in this language,
that is, “forms of forms.” But the reason is that we have (temporarily)
assumed a perspective from which we disregard any links between the
artificial language and the natural one, and consequently we do not see
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A, B, C as parameters but rather as merely the basic building blocks of
the language, however it is they may be seen from different perspectives.)

We have already indicated that a way to characterize correct argu-
ments would be to make a potential list of their kinds. (We cannot make
an actual list, for there are too many of them, but we can present some
basic correct arguments and some ways to produce new correct argu-
ments from already given ones). We would try to make the potential list
in such a way as to cover as many correct arguments as possible.

Needless to say, such a delimitation of correct arguments yields a kind
of “axiomatic system.” We have the basic arguments as the “axioms,”
we have some “rules of derivation” of arguments from arguments, and
we have the “theorems,” which are all the arguments derivable from the
axioms. The only difference between this system and prototypical axio-
matic systems (such as the system of Euclid’s Foundations or the modern
axiomatizations of geometry or arithmetic by Hilbert or Peano?) is that in
the prototypical case the axioms are sentences and the rules take us from
sentences to sentences; while in our case the axioms are arguments and
the rules take us from arguments to arguments. To avoid misunderstand-
ings that might stem from this, we will talk about axiomatic arguments
and theorematic arguments. The conclusion of a theorematic argument
with no premises will be called a theorem.

Note that we now have a certain ambiguity of the term axiomatic argu-
ment (and, for that matter, theorematic argument and the terms axiom
and theorem to be discussed later). (AE1), for example, is an argument
form, a form with many instances in the language of propositional logic,
instances like

AAB |—A,

CAB }—C,
(AABIABAC) —(AAB),
etc.

What we can call the axiomatic argument is either the scheme itself or its
instances. Either of the options is in some respect problematic. In the first
case, axiomatic arguments do not really belong to the language with which
we deal (for example, the language of propositional logic to which we are
aiming now), and in fact are not really arguments (but rather forms). In the
second case, we have an infinity of axiomatic arguments, which seems to
contradict the very idea of an axiomatic system that appears to be based on
the assumption that the number of axioms is relatively small. Out of these,
the less misleading seems to be the second option and so, strictly speak-
ing, axiomatic arguments will be the instances of schemata like (AE1); the

2. See Mueller (1969).
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schemata themselves will be called axiomatic argument schemata (and
similarly theorematic argument schemata and later axiom schemata and
theorem schemata). But we will not always speak so strictly — where no
misunderstanding is likely, we will let the term axiomatic argument (and
the like) fluctuate in between the schema and its instances.

There is also a third possibility, which is to have as axiomatic argu-
ments neither the schemata, nor their instances, but rather one, dis-
tinguished, instance of each schema. Hence the axiom, for example, is
neither the schema

¢ Ay o,

nor all its instances
ANBI—A, AXC— A, BAA—B, . ..,
but rather only a single instance, say
AAB — A.

Then, however, we need to add the rule of substitution, which pro-
duces, out of this axiom, all the other instances of the schema as theorems.
This also is not a plausible solution. One thing is that the stipulation that
AAB|— A is an axiom, while BAA |— B is not, seems to be all too arbitrary.
Another thing is that the very rule of substitution seems to be strangely
different from other rules of derivation: while the other rules appear to
approximate straightforward and transparent patterns of steps leading us
from instances of following-from to other such instances in natural lan-
guage, this rule appears to amount to something much more involved.

Anyway, if we have some axiomatic arguments, what we need in order
to complete a Gentzenian calculus are some rules of derivation, rules infer-
ring arguments from arguments (“metaarguments”) — given them, we will
be able to produce the theorematic arguments. The theorematic arguments
determine what is correctly inferable from what (a conclusion, according
to the calculus, is correctly inferable from a premise iff the premises and
the conclusion constitute a theorematic argument). Hence, we can say that
the axioms plus the rules of derivation also generate a relation of inference:
instances of the relation are precisely the theorematic arguments.

5.2 Structural Rules

Which rules of derivation of arguments from arguments should we
accept? We have already seen that the correctness of some arguments
“brings about” the correctness of others. Thus, given that both

A,B |—AnB
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and
AAB, C |— (AAB)AC,
we can compose them into the argument
A, B, C|—(AAB)AC.
The corresponding general rule of composition would then be:
(Cut) I' =34, ¢, X |—w I AT, X |—vy,

where the capital Greek letters stand for unspecified (possibly empty)
sequences of sentences.

In a similar fashion, we can turn other properties of the relation of
following-from that we diagnosed in §4.2 into metaargument forms, that
is, rules of derivation of arguments from arguments:

(Ref) /¢ —¢.

(Ext) T, Al—¢//T,y,A}—¢
(Perm) I'y ¢, w, A F=E /I Ty, ¢, A =&
(Con) I',¢,¢,Al—y /IT,$,Al—vy

The set of (Ref), (Ext), (Perm), (Con), and (Cut) constitute the so-called
structural rules, discussed by Gentzen (1935a); they are summarized in
Figure S5.1.

A calculus which incorporates all of these rules is called structural. (It is
not necessary that the calculus is defined in terms of the rules, it is enough

(Ref) /¢ |—¢

(Ext) LA=¢// Ly Al=¢

(Perm) I ¢, y, A= &1/ Ty, o A= &
(Con) L4 g A=yl LAy

Cu)y I'—ga¢Zb—ywiAlLsy

Figure 5.1
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that it is “closed” to them in the sense that whenever premises of one of the
rules are theorematic, the conclusion is also theorematic — in this case, we say
that it admits the rules.) The structural calculi explicate an intuitive notion of
following-from that we saw is quite plausible: composability of arguments,
reusability of premises, irrelevance of their order and of “idle” premises —
these are all properties that would (almost) seem to go without saying when
we think about arguments in the prototypical sense of the word, or if we
consider, for example, the common praxis of proving in mathematics.
There may also be, however, alternative explications of following-
from, such that, for example, something is reasonably called a premise of
a correct argument only if it is 7ot “idle,” that is, if the argument without
it would not go through. Or we can dispose of the rules (Perm) and (Con)

A GENTZENIAN CALCULUS
an inferential pattern an inferential pattern
delimiting conjunction (A) delimiting implication (—)

AXIOMATIC

ARGUMENT
SCHEMAS

1
1
i
1

fl—aﬁ r—¢ A¢svw

Lyl ALS vy /| RULES FOR DERIVING
I 7 " | ARGUMENTS FROM
ARGUMENTS
LowydAl—¢ LgpAl¢& 5
"METAARGUMENTS"
Lygale|||npake ( )
v \ A
A B C (AAB)—>C AAB
A BAC c
4B A B (ArB)>C A B
4 AAB C
N
! B! (7
B 4 A_BAC ANB)>C A
4 ANBAC) B—C
W =
458 C ArB)>C
ANBAC) A—(B—C)

Figure 5.2
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if we consider the premises as forming not a sequence but rather a set.
Thus, if we were to define an argument not as an ordered pair of a finite
sequence of sentences and a sentence but of a finite set of sentences and a
sentence, we would need only three structural rules.

In what follows we will assume that the structural rules hold unless it
is stated otherwise.

What has been concluded in the previous chapter regarding the intro-
ductory and elimination rules for core logical operators now leads us to
the following Gentzenian calculus for intuitionistic propositional logic:

AD) by Ay

AED) gay ¢

AE2) ¢ry =y

VI ¢ gvy

VI2) yw =¢vy

) o &Tw =&/ vy ¢
) Ity /I ¢y

N
—E) ¢ov, ¢y

Sl o bwT,¢ ==y /T ——¢
-E) ¢,—¢ |~y

5.3 Single-Conclusion vs. Multiple-Conclusion Arguments

The Gentzenian calculi I have presented up to now are not exactly the kind
introduced by Gentzen himself. They can be seen as an intermediary step
between what he himself called calculi of natural deduction and that which
he dubbed sequent calculi. The calculi of natural deduction were devised
to reconstruct the ways that our reasoning with logical constants actually
works® and did not really incorporate “metaarguments” as rules for moving
from arguments to other arguments. Instead, they contained what looks like
moves from arguments to sentences. Thus, the introduction rule for the impli-
cation looks like the step from the premise ¢ |— w to the conclusion ¢— y.
This, to be sure, is not the way in which the calculi of natural deduc-
tion were usually presented. Instead of being articulated in terms of
arguments-to-sentences rules, they were usually presented as calculi for
reasoning that is hypothetical in the sense that it proceeds from premises
accepted only “for the sake of argument” (which is even much more

3. Gentzen (1935a, p. 176), writes: “First I wished to construct a formalism that comes as
close as possible to actual reasoning. Thus arose a ‘calculus of natural deduction.””
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obvious when they are presented in the form proposed by Fitch, 1952
than in the original form of Gentzen). The idea is that as we build up an
argument by combining elementary arguments we use premises, some
of which do not end up as the premises of the resulting argument but
get “discarded” — they are rendered as premises of the “subarguments”
from which we move to sentences. Thus, for example, we introduce ¢ as
a premise and if we manage to reach the conclusion y we may “discard”
¢ and move to the conclusion ¢g—y.

However, what we conclude in such a case is not merely ¢—y but
rather F— ¢—. Similarly, if the whole argument were to use some prem-
ises I, the conclusion would be I — ¢—y. Thus, it seems that what is
going on is indeed using rules for moving from arguments to arguments.*

Gentzen (1935a, b) made this quite explicit within the framework of
his sequent calculus, which evolved out of his system of natural deduc-
tion. In this framework, we move from arguments to arguments quite
explicitly; however, there is one more modification, namely that the argu-
ments we work with have multiple conclusions. Thus, we no longer con-
sider arguments of the form

¢l)""¢n |_¢a

but rather generalized arguments, called sequents, of the general form

¢13~--’¢n|_l//15"'3l//m'

An informal elucidation of this kind of sequent is

whenever all of ¢, . . ., ¢, are the case, then at least one of y, . . .,
w,, is the case

or
if ¢, and . . . and ¢,, then y, or . .. or y,,.
Multiple-conclusion sequents bring about certain technical simplifica-

tions; but we must extend the structural rules to also cover them. For
example, while the (Cut) for the single-conclusion calculus is

=646, 2 =y AT, 2 |y,

4. This is also close to how the metarules are construed in the authoritative textbook of
Prawitz (1965, p. 23): “A deduction rule can be thought of as a rule that allows us to
infer a formula from a whole deduction given as a ‘premiss’ and to determine what set of
formulas the inferred formula depends on.”
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now we will have
A’ ¢, 2 |_F; F*|_ A*, ¢’ Z* // A’ F*’ Z |_ A*’ F’ E*’

and similarly for the other rules.
In this context, for example, the rule (VE) yields us

(VE*) dvy —o, v,

which secures that disjunction cannot obtain without at least one of its
disjuncts obtaining. Indeed, as ¢ |— ¢, v and v |— ¢, v, (VE) yields us
(VE*). As conversely (VE*) entails (VE), we can then replace (VE) by the
simpler (VE*). That (VE*) entails (VE) is seen in the following way: If
we assume that ¢ F— & and w — & then using (Cut)’ we get ¢vy —
¢, & and using (Con) (again generalized to the right-hand sides) we have
pvy ¢

It is interesting to note that the situation where disjunction cannot
obtain without at least one of its disjuncts obtaining can be brought
about, even within the single-conclusion sequents context, by accepting
the assumption that the introductory rules for disjunction represent the
only way in which we can reach the disjunction. Indeed, if this is the
case then we know that if a disjunction is inferable from some premises,
then it can only be because at least one of the disjuncts is inferable from
them, which, in effect, amounts to (VE*). I think that this provides a way
to throw some light on the cryptic and often cited remark of Gentzen
(1935a, p. 189), that “the introductions represent, as it were, the ‘defini-
tions’ of the symbols concerned, and the eliminations are no more, in the
final analysis, than the consequences of these definitions.”

5.4 The Algebraic Structure of G-Calculi*

We may see a bare language as consisting of three levels, as in Figure 5.3.
We have (i) the vocabulary, divided into words belonging to several cate-
gories, (ii) the set of expressions produced from the vocabulary by means
of syntactic rules, again divided into categories with sentences as one of
the categories; and (iii) arguments as conglomerates of sentences. The
calculus then delimits a subset of the set of arguments, the set of theore-
matic arguments. A sentence that is the conclusion of theorematic argu-
ments with no premises is a theorem.

What must be added to this picture is the fact that we classify argu-
ments in terms of their forms. I suggested in a previous chapter that bare
language is best reconstructed as a kind of many-sorted algebra, but here

S. Tts special case we need here is ¢ |— & Cf— ¢, w /¢ =&, w.
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CALCULUS IN A BARE LANGUAGE VOCABULARY
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‘ EXPRESSIONS

theorematic arguments

Figure 5.3

we switch to the simpler view. A (bare) language, from this viewpoint,
can be seen simply as a set of sentences each of which has a certain form.
A form is supposed to be something that yields a sentence via a kind
of substitution. Thus, we can see a bare language as an ordered triple
<S,F,U>, where S is a set (the elements of which are called sentences), F
is a set (the elements of which are called sentence forms), and U is a set
of functions (called substitutions), each of which maps F on S. If there is
an ue U such that u(f) =s, then s is said to be an u-instance (or simply an
instance) of f. We assume that the relation is “decidable” in the sense that
we are always able to decide whether s is an instance of f.

Consider, for example the language of classical propositional logic with
the sentential words A, B, C, . . . and sentential operators —, A, v, and —.
Thus, we have the sentences A, B, AAB, BvC, etc. By replacing all sen-
tential words within a sentence by the symbols ¢, v, &, . . . , which we call
(sentential) parameters, we get a sentence form. We then have the forms

9,

v,

oAy,
(EVEINE), etc.

A substitution, in this special case, is any mapping of all the parameters
on sentences, which induces a mapping of all forms on sentences. Thus,
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if we have the substitution mapping ¢ on A, y on AAB, etc., we have the
mapping of gay on AA(AAB), etc. If this mapping is u, then AA(AAB) is
the u-instance of gAy.

An argument over a language L=<S,F,U> is an ordered pair <<s, ..., s,>,
Spa>, where s;, ..., S, 5,1€8; 8y, .« - ., 5, are the premises of the argument
and s,,; is its conclusion. An argument form is an ordered pair <<f, . . .,
fo>s fr> where fi, . .., [, f1€F. (Again, f,, . . . , [, are its premises and
f,..1 18 its conclusion.) An argument <<s,, . . . , 5,>, S,.;> is an u-instance (or
simply an instance) of an argument form <<f,, . . ., f,>, f,..> iff u(f,) =s, for
k=1,...,n+1. We will often write s,, .. .,s, —s,., instead of <<s,, . . .,
$,>, S>> and write f,, . . ., f,— f,.; instead of <<f, . .., f.>, fuur>

Examples of arguments over the language of propositional calculus are

A}— AnB;
AAB |— B;
A, B, AAB|—C, etc.

Examples of argument forms are

¢ — drd;
S INTE
Py — ¢, etc.

If u is the substitution mapping ¢ on A, y on AAB, etc., we have the
mapping of ¢ — ¢Ay on A |— AA(AAB), etc.

An inferential relation over L=<S,F,U> relates sequences of elements of S
to elements of S. (As the basis of the relation are arguments and as an argu-
ment can only have a finite number of premises, it may seem that it only
relates finite sequences of elements of S to elements of S, but in view of the
fact that adding any number of (“idle”) premises to an argument need not
spoil its correctness (as the structural rule (Ext) stipulates), we will consider
the relation as possibly extending to infinite sequences.) If I is an inferential
relation and <<s,, . . ., 5,>, 5,.,>€l, then we will also write s,, ..., s, F—;s,.1

A metaargument over L is an ordered pair <<a,, . . ., a,>, a,,,>, where
iy« -« 5 Ay d,,, are arguments over L. A metaargument protoform over L
is an ordered pair <<fi, . .., f,>, [..i> where f1, . . ., [,, /... are argument
forms over L. A metaargument <<da,, . . . , d,>, d,,;> 1s an u-instance (or
simply an instance) of the metaargument protoform <<f, . . ., f,>, fr>
iff there is a u€ U so that g, is an u-instance of f, for k=1, ..., n+1. We
will often write a; . . .;a,// a,,, instead of <<a,, . .., a,>, a,,;>. Examples
of metaarguments are

A, Bl— AAB// B, A|—AnB
A—B;A—C// AB.
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Examples of metaargument protoforms then are

¢y F=dry Ny, dry
d—vsw—=& o H¢.

The reason why we talk about “protoforms” (rather than forms) is
that we want to construe forms in a still more general way. We want to
be able to consider arguments with an unequal number of premises as of
the same form. For this purpose, we can use specific parameters, such as
I,4,%,...,tostand for sequences of sentence forms. Thus, we will have
forms like

¢ A0¢, 2w /AT, 2y,

the instances of which are

— A;C, A—B //C}—B, or
CHA;D,E, A, F—B/ID,E,C,F}—B,
etc.

To implement this into our framework, we will take metaargument
forms to be unspecified objects (just like sentence forms), the only
explicit property of which is that they are instantiated by metaargument
protoforms.

We thus introduce an (artificial) concept of a proto-calculus as an
ordered triple <L,G,V>, such that L is a language, G a set (the elements
of which are called metaargument forms), and V is a set of functions each
of which maps G on metaargument protoforms over L. If veV such that
v(f)=b, then b will be called a v-instance (or simply an instance) of f; if,
moreover, L=<S,F,U> and ueU such that u(b)=a, then the metaargu-
ment a is said to be an (v, u)-instance (or simply an instance) of f.

In the case of propositional calculus, we can express metaargument
forms by replacing sub-sequences of parameters by the specific kinds of
parameters introduced previously, I, 4, 2

Lo,9, Al=gny /I Ty, ¢, Al—pry.

In this case, if v maps I" on &, ¢, and 4 on &, its v-instance is

&, b, ¢’l//a<§|_¢/\l// ¢, ¢3Wa¢95|_¢/\W§

and if, moreover, # maps ¢ on A, y on B and ¢ on C, its (v, u)-instance is

C, A, A, B,C—AAB/IC, A, B, A, C}—AAB.
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We can now define a Gentzenian calculus in a straightforward way. A
G-calculus is simply a proto-calculus plus a finite set of metaargument
forms (determining a metainferential relation) over it. The inference rela-
tion generated by the calculus C=<<L,G,V>,M>, |—, is the smallest set
of arguments closed to all instances of the elements of M. (Note that as
the premises of some metainferential rules from M may be empty, the
inference relation need not be empty.)

We say that an inferential relation I over L admits a metaargument
form m iff T is closed to all instances of m. If T is generated by a calculus
<P,M> and meM, then, trivially, I admits 7. A relation is called struc-
tural if it admits all the structural rules. It is called substructural if it is
not structural.



6 Hilbertian Logical Calculi

6.1 Hilbertian Calculi

We have seen that Gentzenian calculi are axiomatic systems of a strange
sort — their axioms and theorems are not sentences, but rather arguments.
The possibility to internalize arguments, however, opens up the possibil-
ity of the transformation of the calculi into axiomatic systems in the tra-
ditional sense. (In fact, historically it was the other way around, Gentzen
proposed his calculi only after the more traditional ones were already put
to use by Hilbert and others.)

We saw that the possibility of turning the axiomatic system of correct
arguments into something much more similar to the axiomatic system in
the traditional sense is made possible by the presence, in a calculus, of an
operator — governed by

(Ded-) =gy /¢ f—y

and

(Ded+*) 'y ¢ =y /I T ¢y,

namely, implication. If we can present correct arguments in the form of
theorems, we can delimit correct arguments using axioms in the form of
sentences and rules deriving sentences from sentences. Take conjunction.
It would seem that if we have implication, the axiomatic arguments gov-
erning it, that is, (Al), (AE1), and (AE2), can be replaced by their inter-
nalizations, namely the axioms

(AI') =y —(drw)),
(AET)  (pAy)—>¢,
(AET)  (pry)—>y.
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A similar thing can be done with disjunction, which is also defined in
terms of a metaargument:

(VE) I¢t=& Ty =&/ T, vy ¢,

which, in the presence of implication can be reduced to

=& w8/ = (gvy) ¢,

We have seen that it is possible to internalize metaarguments of this form,
the internalization being

(VE) (9=8)=>(y =E)>((¢vw)—E)).

Also negation, defined in terms of the metaargument:

=) Féb=w; T opl——y /T ——¢

which is equivalent to

Tl ¢y T | o=y /I T |——g

can be internalized as

(=) (p>y)>((p>—y)>—d)

However, we must keep in mind that this works only insofar as impli-
cation works as the means of internalization, which is conditioned by
the fact that (Ded-) and (Ded+*) are admissible (that is, whenever their
premise is theorematic, the conclusion is bound to be theorematic too). It
follows that we cannot replace (MP) by its internalization (for it is only
(MP) in its non-internalized form that yields us (Ded-)). Moreover, we
must somehow guarantee the admissibility of (Ded+*): for (Ded+*) is not
even an argument (but rather a metaargument), so unlike (MP) it cannot
simply be adopted as our rule of derivation.

A calculus in which the axioms are sentences and the rules derive sen-
tences from sentences is called Hilbertian; we will speak about H-calculi.!
And while G-calculi derived from the intention of making deduction natu-
ral in the sense that they tried to articulate the most basic rules of inference
governing logical operators, H-calculi are perhaps “natural” in a very dif-
ferent sense. They continue the (“natural”) tradition of “axiomatic sys-
tems” going back to Antiquity.

1. See, e.g., Mendelson (1964) or Shoenfield (1967).
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The calculi are called so because of David Hilbert, who had already
worked with them before Gentzen introduced his.? These calculi do not
directly aim at delimiting correct arguments (as the theorematic ones);
they rather aim at delimiting logical (or, more broadly, mathematical, or
whatever) truths. They can be seen as a response to the challenge of con-
densing a whole domain of knowledge (such as logic or arithmetic) into
a few principles, from which all other truths of the domain can be recov-
ered by a few rules of derivation. This indicates that while the most basic
virtue of G-calculi is supposed to be their transparency (the important
point is not how many axioms there are, but how natural and transpar-
ent they are), that of the H-calculi is austerity (the fewer axioms that we
have, and the shorter they are, the better).

How, then, can we transform a given Gentzenian calculus into a Hil-
bertian one? As soon as we have an implication that works as the means
of internalization, we can transform rules for all other operators into
axioms. Hence, what we need is the kind of implication that obeys
(Ded-) and (Ded+*). (Ded-) is not a problem: it is enough to accept
(MP) as a rule of derivation. How can we achieve the admissibility of
(Ded+7)?

It turns out that this is also not a big problem. In the case of intuition-
istic propositional calculus, if we have the axioms

1) ¢—>w—9)
(=2) (> —=E)=>((p—>v)=>0@—E))

plus (MP) as the only rule of derivation, then (Ded+*) is admissible.
More generally, consider an argument scheme of the form

6,...,0,—o.

Here, ©,,...,0,, @ are “metaparameters” standing for sentence schemes
so that, for example, (MP), taken as an argument scheme, is its instance
(for we may take 7 as 2 and instantiate O, as y, 0, as y—¢, and @ as ¢).
Now take a parameter which occurs in none of @,, . .., 0,, 0, say ¢, and
form the axiom scheme

(@—>0,)>(...((0—0,)>(—0))...).
This sentence scheme will be called a relativization of the argument
scheme @, ....,0, I— @. (Thus, (—2) is a relativization of (MP).) Then

we can say that if a H-calculus contains relativizations of all its rules of
derivation, then (Ded+*) is admissible in it. (See §6.3 for a proof.) Thus,

2. See Hilbert and Ackermann (1928).
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H-calculus G-calculus
sentential forms rules for deriving sentences rules for deriving arguments
from sentences (argument from arguments (metaargument
forms) forms)
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Figure 6.1

given that (MP) is the only rule of derivation, we guarantee this by add-
ing the scheme (—2).

The difference between G-calculi and H-calculi can be depicted by
means of the diagram in Figure 6.1. There are three kinds of items in play:
sentences, arguments (moves from sentences to sentences), and “metaar-
guments” (moves from arguments to arguments). Correspondingly, we
have three kinds of forms: sentence forms, argument forms (which may
be taken as rules for deriving sentences from sentences), and metaargu-
ment forms (which may be taken as rules for deriving arguments from
arguments). H-calculi trade in the items of the first two levels (and not
directly in the third one): their axioms are sentences and their rules of
derivations are the rules for inferring sentences from sentences. In con-
trast to this, G-calculi deal with the items of the second and third level:
their axioms are arguments and their rules of derivations are the rules for
inferring arguments from arguments.

6.2 Correct Arguments in Hilbertian Calculi

A Hilbertian calculus consists of sentence schemes, the instances of
which are axioms and rules of derivations of sentences from sentences
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(argument schemes). The sentences derivable from the axioms in terms
of the rules are the theorems of the calculus. But the calculus does not
delimit the relation of inference, and hence does not delimit the argu-
ments that are theorematic (“correct”) according to it as directly as the
Gentzenian one. This must be done via a detour through the concept
of proof.

A proof of a conclusion (sentence) from a finite list of premises (sen-
tences) is a sequence of sentences which ends with the conclusion and
which has the property that every sentence in the sequence is either
an axiom, or a premise, or is derivable from some sentences occurring
earlier in the sequence by a rule of derivation. Thus the proof shows,
as one would expect, that if we accept the premises (and we accept the
calculus), we cannot but also accept the conclusion. Hence, it shows
that the conclusion, according to the calculus, is inferable from the
premises.

What is remarkable is that the arguments, which are delimited in this
way by a calculus (that is, the conclusion of which is provable from their
premises), are precisely those that are derivable from the axioms and the
rules of derivation of the calculus by means of the structural rules. This
means that if we take the axioms (as premiseless arguments), plus the
rules of derivation (as arguments) as the axioms of a G-calculus, and take
the structural rules as its rules of derivation, the theorematic arguments
of the calculus will be precisely those for which there is a proof of their
conclusion from their premises in the original H-calculus (see the next
section for more details). In this sense, the concept of proof in the previ-
ous sense “embodies” the structural rules.

We have seen that the Gentzenian introduction and elimination rules
for conjunction can be straightforwardly turned into axioms of a Hilber-
tian system. The same holds for disjunction and for negation:

<

(VI)  p—>(pvy)

(VI2')  w—(pvy)

(VE)  (9>8)=> (v >E)=>((gvy)—>E)
(—=E) (¢ > V)

1) (p=>y)=>((p—>—y)>—9).

The situation, of course, is slightly more complicated for implication,
where we cannot simply internalize the rules (—I) and (—E) (which
would both yield us the trivial (¢—>w)—>(¢—y)), for we need implica-
tion to keep acting as the internalizer. Therefore, we must keep (MP) (or
(—E)) in its original shape:

(MP) ¢—v, ¢ F—y.
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And we have seen that what we must add are the following two axioms

=1 ¢->—9)
(=2) (9= —=¢))=>((¢—>w)—>(9—E)).

This completes a Hilbertian calculus for intuitionistic logic:

(AL 9>y —>(dAy))

(AET)  (pAy)—>9

(AE2) (pAy)—>y

(=1 ¢y —9)

(22) (9> >E))>(@>y)>(9—E))
(VIT)  ¢—>(pvy)

(VIZ)  y—>(pvy)

(VE) (98>l >8> (v )—>E))
(=E")  ¢—>(=d—>y)

=) p-y)>((9>—y)>—9)
(MP)  ¢-y,¢ .

We can see that a Gentzenian calculus and a Hilbertian one can be two
sides of the same coin; in particular, a calculus for intuitionistic propositional
logic can be formulated both as a Gentzenian and as a Hilbertian one.

Hilbertian calculus
(A1) (> gry)  (AED) (dap)—>4 (AE2) (dap)—>y
G E=d  (52) (P> W->($>9)
(V1) g>(gv ) (VI2) y>(dvy)
(VE) (¢>9>(y>9>(dvp)—>)
(SE) g(gop) (A1) (F ) ($—p)—>—9)
(MP) gy, ¢ |— v

Gentzenian calculus

W g yl=dw  GEDg ¢ (E) gy v

1) ¢ = vy )y oy
B L&y l=eingy=¢
DL =i T oy (o) b b — v

DL wlgb——wirt——¢ (B d-dw

Figure 6.2
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A HILBERTIAN CALCULUS
an inferential pattern an inferential pattern
delimiting implication (—) delimiting conjunction (A)

(= (9np)

(P> NP> W80

RULE OF DERIVATION

(UNB)—>C
(AAB)>C)>(BP((ANB)—C))
B—((ARB)—C)
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A—>(B>((AAB}—>C))

»BAC

FAS(BACO>UABAC)\ \ \A>B-(InB)
G B>((AABY—>C))—>((B—(AAB))—(B—C))
E (BAQ)—(AN(BAC)) (B—((AABY>C)—>((B—(AAB)—(B—C))—>(A—>((B—>((ArB)—S

A (B=((AAB)>C))>((B—(4AB))—>(B—C)))
A((B((ANB)>C)>(B—(AAB)>(B—C))>((A—>(B—>((4
AB)—C)))>(4>((B(AAB))—>(B—C)))

\%A—>(B—>((A/\B)—>C)))—>(A—>((B—>(A/\B))—)(B—)C))

\C'))—*((Bﬁ(z\!AB))—*(B%C))))

—((B(AAB))—>(B—C))
A—((B—>(AAB)}—(B—C)))>((A—>(B—(AAB)))—>(A—>(B—C)))
(A=>(B—(AAB)))>(A—>(B—C))

)
1
1

'
~ \

\

Figure 6.3

6.3 The Algebraic Structure of H-Calculi*

An H-calculus consists of a language, a set of sentence forms, and a set
of argument forms (that is, rules for deriving sentences from sentences)
over it. Let C=<L,S,A> be an H-calculus; and let us define the inference
relation that it generates. Hence, let ¢ be a sentence of L and I"a sequence
of sentences of L. A C-proof of the conclusion ¢ from the premises I' is a
sequence of sentences such that: (i) every element of the sequence is either
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an element of I, or is an instance of an element of S, or is a conclusion
of an instance of an element of A, all the premises of which occur earlier
in the sequence, (ii) ¢ is the last element of the list. ¢ is C-provable from
Iiff there exists its C-proof from I we will write I” |~ 4. A sentence ¢
such that | ¢ is called a C-theorem.

An interesting fact, noted previously, is that the relation of provability
coincides with the closure of S and A with respect to the structural rules
in the following sense:

Theorem. Let C=<L,S,A> be an H-calculus; let A* be the smallest set
that (1) contains A, (2) contains, for every element of S, an argument
form with the empty sequence of premises and with the element of S as
the conclusion, (3) is closed under the structural rules. Then I” "—C @ iff
I'—,. ¢.

Proof: Let first I'F—,. ¢. Let us prove, by induction, that I” "—C o. I
— 4 ¢ (that is, <[,¢>€A), then it is trivially the case that I” [~ ¢. Now
let us assume that the theorem holds for all premises of a structural rule
and let us prove that it holds for its conclusion. This is obvious for (Ext),
(Perm), and (Con): obviously, if there is a proof of ¢ from ¢, . . ., 4,
Bir1s - - - 5 B,y then there is, eo ipso, its proof from @y, . . ., Piis Gis + -+ 5 o3
and similarly for the other two cases. Thus, consider (Cut). Suppose there
isa proof P of ¢ from @, ..., d:.(, ¢ di1s - . . » ¢, and a proof P’ of ¢, from
Wis -+« 5 W, Then the proof of @ from @y, ...y @iy Wis e v v s Wos Bivts + -+
@, can be constructed simply by replacing ¢ in P by P'.

Let now I |~ ¢, that is, let there be a proof P of ¢ from I'". We will
prove that I'F—,. ¢ by induction on IPl, the length of P. Let IPI=1. Then
either ger’, and then I'}—,. ¢, thanks to (Ref) and (Ext); or ¢ is an axiom,
and then I'}—,. ¢, thanks to (Ext). Now suppose that the theorem holds
for all proofs of the lengths smaller or equal to 7, and let us suppose that
IPl=n+1. If gel" or ¢ is an axiom, the theorem holds trivially, so we may
assume that there is a 4 such that 4}—, ¢ and 4*cP* (where X* is the
set of all the elements constituting the sequence X). Hence, for every w
from 4 there is a proof of the length not more than 7, so it is the case that

', y, and I't—,. ¢ follows by (Cut).

The next theorem we are going to prove concerns the admissibility of
(Ded+*), which we saw is needed for implication to act as a vehicle of
internalization.

Theorem. Let C=<L,S,A> be a Hilbertian calculus. Let A contain (MP) and
(—1) and let it contain a relativization of every element of A (that is, it con-
tains an axiom scheme of the form (¢—0,)—( . .. ((¢—0,)—>(¢—0)) . . .)
for every @, . .., @, O from A; especially let it contain (—2) or another
relativization of (MP)). Then (Ded+*) is admissible, that is, I” |—¢ g—> for
every I', ¢ and y such that I, ¢ | y.
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Proof. Assume I, ¢ |F—c w; then there is a proof P of y from I, ¢. We
will prove by induction that for all elements & of P it holds that I" |—
¢—¢& and that hence I" |~ ¢—>y. Note that (—1) and (MP) guarantee
that if I” "—C & then I "—C {—¢ for any £ Let ¢ be the first element of P.
If £is an axiom or el then I” ||—C ¢and hence I’ "—C #—¢, according to
(—1). If &is ¢, then I |~ $—¢ as}— ¢—¢ follows from (1), (—2), and
(MP). Now assume that the theorem holds for all elements of P up to nth
and that &is a (n+1)th element. Then if & is an axiom, or an element of I,
or ¢, the reasoning is as before. Hence, the only possibility left is that A
contains a rule @,, . .., ©, &such that all of @,, . . ., O, occur earlier
in P. But then, according to the inductive assumption, I” |~ ¢—0, for
i=1, ..., and as A contains F— (6—>0,)=>( . .. (¢ O,)=>(¢—¢)) .. .), it
follows that I' |~ ¢—¢.

Corollary. Let (—1) and (—2) be among the axioms of a Hilbertian cal-
culus C=<L,S,A>, and let (MP) be its only element of A. Then (Ded+*) is
admissible, that is, I” |~ ¢—v for every I', ¢ and y such that I, ¢ | w.



7 Properties of Calculi

7.1 Material Soundness and Completeness

Let us now return to the problem of the relationship between a calculus
in an artificial language and following-from in natural language; in par-
ticular to the question as to what the findings concerning the former tell
us about the latter.

A calculus of a formal language is intended to capture the logically cor-
rect arguments in a natural language of which the formal language is a
model; the relation of inference generated by the calculus is to reconstruct
the pre-theoretical relation of following-from or some of its relevant part.
(Possibly in any natural language, insofar as the language can be consid-
ered as a model of any language.) This, of course, works only if the model
is adequate, at least to a reasonable extent. An absolute adequacy would
mean that the theorematic arguments of the calculus pick out all and only
logically correct arguments (that is, those that have valid logical forms) —
which is to say that all and only arguments that have the form of one of
the theorematic argument forms of the calculus are logically correct.

In fact, this would be too strong a requirement. One of the most basic
reasons why we study natural language via logical models is that the models
draw sharp boundaries where there are none in natural language, smooth-
ing out irregularities and filling in gaps. We can expect that there will be
many arguments in natural language about the correctness of which there
will be no consensus; in their cases, the model will have to decide about
their correctness stipulatively (though, certainly, not quite willfully). More-
over, cases of arguments that look logically correct but do not turn out as
instances of theorems — and also perhaps some cases of arguments that are
not logically true but do turn out as such instances — are acceptable.

To consider the adequacy in greater detail, we must presuppose that
we know which natural language arguments count as instances of argu-
ment forms from our formal language. Let us call every assignment of
sentences of natural language to sentences of the formal language (which
induces an assignment of arguments to argument forms) an interpreta-
tion of the language. Because later we will consider different concepts of
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interpretation, we speak about material interpretation here and we will
write interpretation,,.

We assume that some of the interpretations,, are acceptable. (Thus,
for example, if we interpreted A as London is in England and B as Snow
is white then it would be acceptable to interpret AAB as London is in
England and snow is white, but not as Every human is mortal.) A natu-
ral language sentence which an acceptable interpretationy assigns to a
sentence of the artificial one will be called its instancey; and the same
for arguments. Now we can say that an argument scheme is valid,, iff
all its instances, are correct arguments; and we can say that a calculus is
sound,, if all its theorematic arguments are valid,;, whereas it is comple-
tey iff all the valid,, argument schemes are theorematic.

CALCULU |

4 -4 -4 B B —B A FORMAL
: A—>B A—>B A—>B A—>B A—>B A—>B LANGUAGE OF
o B —B B A —A -4 LOGIC
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Figure 7.1
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Figure 7.2
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Let us now consider a formalized, rather than a formal, language. In
this case, there should be only one acceptable interpretation,;. (But, of
course, this would hold only modulo “saying the same” — it is clear that
there will always be multiple, nominally different sentences to interprety,
a given sentence of a formalized language.)' Thus, to every argument in

1. A sentence 1+1=2 of the language of Peano arithmetic can be surely interpreted,, as, e.g.,
One plus one is two as well as Adding one to one gives us two; but we do not consider
this to be two different interpretationsy. Let us note that assuming such a sharply delim-
ited relation of synonymy is no minor presupposition and that, hence, sometimes the
dividing between a formal and a formalized language may be blurrier than it would seem

from our presentation.
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the formalized language there corresponds a single argument in the natu-
ral one, and the language is sound,; iff all counterparts of theorematic
arguments are correct, while it is complete,, iff all correct arguments have
theorematic counterparts.

As we already indicated, soundness,, and completness,, are idealized
desiderata that are, however, not quite viable. Soundness,, is closer to
what can be practically achieved, but we can tolerate a sporadic reclas-
sification of natural language arguments. A limited number of those that
are not taken as correct may be reclassified as correct, and especially they
can be reclassified as being of a different form than they prima facie seem.
Completeness,,, on the other hand, can be much more easily given up: we
may want to capture only some kinds of arguments, disregarding other
ones and hence disregarding the existence of some logically correct argu-
ments that are instances of no theorematic forms.

Note also that soundness,, and completeness,, of a calculus depend on
the set of acceptable interpretationsy,, that is, on which natural language
sentences count as instances of which sentences of the artificial language.
And though we are certainly not free to tamper with the interpretations
in any way we choose (remember that the relation between a form and
its instances should be “decidable” in the sense that we should be able to
“see” whether something is an instance of a form), there are possibilities
of tweaking it in various ways.

The most important thing to realize is that soundness,; and complete-
nessy, are not “mathematical” properties of the artificial language; they
are the matter of that which interconnects the language, as a mathemati-
cal structure, with an empirical phenomenon — that is, a natural lan-
guage. Therefore, we cannot hope to have a mathematical proof of them
any more than we can hope that we can have a mathematical proof that
a given model in physics is adequate to the reality it models.

7.2 Decidability

A calculus provides for an “exact reconstruction” of the natural (lan-
guage) relation of following-from in an artificial language. (And it should
help us decide, via the acceptable interpretations,, of the language of the
calculus, what follows from what in natural language.) That the relation
of inference is exactly delimited in this way, however, need not mean that
if we are to decide whether a given sentence is inferable from some given
sentences, we are always capable of doing it. The calculus for which we
are able to do it is called decidable.

A calculus delimits the relation of inference in that it potentially
generates all the theorematic arguments of which it consists. If we are
confronted with the task of deciding whether a given sentence of the cor-
responding artificial language is inferable from given sentences, we may
start generating the theorematic arguments, and if we are lucky, we reach
the case in point and we know that it is inferable. However, what if we
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are not so lucky and do not reach it? Then, obviously, there are two pos-
sibilities: either the argument is 7ot theorematic, or it is, but we have not
reached it yez. And, in fact, until we do reach it both of these possibilities
remain open and we do not know which of them is the actual one.

Note that if we could, besides being able to generate all the theorematic
arguments, also generate all those that are not theorematic, a decision
procedure would be forthcoming. In such a case, the procedure could
be set up so that we would start to generate, in parallel, both the theore-
matic and the non-theorematic arguments, and the argument in question
would be bound to appear, sooner or later, on one of the lists. Hence, a
calculus can fail to be decidable only if there is no calculus generating the
non-theorematic arguments.

Note, moreover, that even if a decision procedure exists, there is no
guarantee that we will always be able to reach the decision. The fact that
the decision will be reached “sooner or later” does not suffice. We would
need to know that it will be reached in some reasonable time — a proce-
dure that would deliver us the verdict after, say, a million years is obvi-
ously not much better than one that would not deliver it at all. Hence, if
what we are after is a “humanly feasible” decision procedure, we would
need a more fine-grained classification of the procedures according to
some upper limits for how long the decision could take. Such classifica-
tions are developed within theories of computational complexity.

Anyway, generating the correct arguments does not necessarily lead us
to the decision whether a given argument is correct. Hence, the existence
of a procedure that would allow us to reach this decision in every case
is a property depending on the concrete nature of a calculus. We know
that such a procedure exists for classical propositional calculus but not
already for the classical predicate one.

7.3 Deductive Completeness

We have introduced the concepts of a valid,, argument form; that of a
counter-validy form can be introduced accordingly. Now, turning our
attention to Hilbertian calculi, we define the concepts of validy, and counter-
validy, sentence forms: a sentence form is valid,, iff all its instances are
true, and it is counter-valid,, iff all its instances are false. A formal lan-
guage can be expected to contain sentences that are valid,, and also sen-
tences that are counter-validy, (negations of the valid,, ones), but it can
also be expected to contain sentences that are neither. Thus, we should
certainly not require that every sentence is either a theorem or a counter-
theorem (a negation of a theorem).

2. See, e.g., Du and Ko (2014).
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The situation, however, may be different in the case of formalized lan-
guages. If we take a language such as that of Peano arithmetic (PA), we
may, it would seem, assume that each sentence is either true or false (and
that it is such permanently). (Not all kinds of formalized languages must
be of this kind: there may be formalized languages containing sentences
that are neither true nor false; and there may be such that contain sen-
tences the truth values of which change depending on some empirical
circumstances.) In such a case, it makes sense to require what we will call
the deductive completeness of the calculus: namely, that every sentence is
either a theorem or a counter-theorem.

However, Godel (1931) showed that in the case of some formalized
languages, in particular the language of PA, deductive completeness is
not attainable. (This disclosed the crucial limitations of logical calculi.)
What Godel showed was that the language of PA contains a sentence, G,
such that both its probability and its refutability lead to a contradiction.
In view of this, G can be neither provable nor refutable, neither |— G
nor I— -G.

Does this proof tell us something more general than what holds about
the specific calculus of arithmetic? Yes, indeed it does. The thing is that,
as we will see, in complex logical calculi (beginning with second-order
predicate calculus) we can “build” arithmetic out of merely the purely
logical parts of the calculus and hence the incompleteness of arithmetic
projects into the incompleteness of the logical calculi. We will deal with
this in greater detail later.



8 Calculi of Propositional
Logic

8.1 Propositional Languages

In previous chapters, we dealt with a basic, formal language of proposi-
tional logic; on top of this bare language, we can then, as was discussed
in the previous chapters, define the Gentzenian and Hilbertian calculi.
The bare language, we saw, can serve as the basis for a calculus of
intuitionistic logic, and it can also serve for many other common calculi
(especially, as we will see, the calculus of classical logic). Some other
calculi of propositional logic require extended languages, which arise
from this one by the addition of further logical operators. Thus, for
example the calculi of modal logic may require, in addition, the unary
sentential operator .

Thus, in general, a propositional language is characterized by the
fact that aside from the category of sentences it only has categories of
sentential operators (sometimes also called connectives). Each category
of sentential operators is distinguished by an “arity” n, and there is
always a syntactic rule mapping an n-ary operator plus 7 sentences on
a sentence.

Thus, algebraically, a propositional language is the many-sorted
algebra

<[<S$,0,,,...,0, >, <R 5 R, >>,

nyo e My

where ny, . . ., n,,, are different natural numbers, all sorts are nonempty,
and R, maps an element of O, plus 7; elements of S on S (where § is the
category of sentences).

As for the vocabulary of a propositional language, the sort of sentences
is supposed to contain an unlimited supply of words. Our basic proposi-
tional language, then, contains (logical) constants of only two categories
of sentential operators, those of the arities 1 and 2. The former contains
the only symbol —, while the latter contains one to three of the logical
operators A, v, and —. Hence, its general form is

<[<{A, B,C,...}, (=}, {n, v, o}>], <Ry, Ry>>.
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It is also possible to see this language as a simple, one-sorted algebra.
In this case, it is only the sentences that constitute the carrier of the alge-
bra, whereas the operators are “embedded within” the rules. (Thus, the
rule R, takes A and B to the conjunction AAB.) The algebra then is

<[{A,B,C,...}],<R,R,,R,, R >>.

8.2 Intuitionistic vs. Classical Logic

There might seem to be arguments formalized by the language of propo-
sitional logic that we feel are correct but are not theorematic in intuition-
istic logic; and there may be arguments with a connective that cannot be
captured by the sentential operators of intuitionistic logic.

We might, for example, feel that the (premiseless) argument

Av—-A

should be theorematic, for such arguments as

Fido is sick or Fido is not sick

are correct; or we may feel that we need some more sentential operators
to articulate the forms of, say, arguments like

It is necessary that birds fly
It is possible that birds fly

which we may again take for correct. This may make us think about
alternatives to, or modifications of, intuitionistic logic.

The rules we used to govern the logical constants that led us to intu-
itionistic logic seemed natural, but they were not the only available
options. Which other alternatives are available? There do not seem to
be any obvious alternative rules for conjunction or disjunction; and
also our rules for implication were quite well motivated, at least insofar
as we wanted to have an implication as the “internalizer” of inference.
What about negation?

We derived the rules for negation from the idea that negation should
be something as a means of reduction of inconsistency to inference. We
wanted to reduce the claim that a set of sentences is inconsistent to a
claim about inference, which we accomplished by introducing negation
so that I, ¢ is inconsistent iff it is the case that —¢ is inferable from 7.

Now consider that instead of the stipulation that I', ¢ is inconsistent
iff I' |— —¢, we stipulate that I', —¢ is inconsistent iff I j— ¢. This might
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seem to be almost the same, but it is not. If we accept the alternative
stipulation, we will still have

(_‘E) ¢’ _‘¢ }_Ws

but instead of

(=) T,¢l—y; T, 9——y /T ——¢

we will have

(=1) Iy =dt—w; T, =ty /I T |—¢.

If in (—I') we instantiate I as ——¢, we get

(~) =g 9.

Thus, assuming I, ¢ — w and I', ¢ — —y, we have (via (——) and (Cut))
I, ——¢}—yand I, ¢ |——p, and (—I') yields us I'F— —¢. Thus, (=I')
entails (=I).

We do not get (——) from (—I), which indicates that (—I') leads us to
a stronger logic than (—I). And indeed it is no longer intuitionistic logic,
but rather classical logic. Besides (——), its theorems also include, over
and above those included by intuitionistic logic, the excluded middle:

(EM) ¢v—o.

Is there any reason to favor, as we did, (—I) over (=I') (or, for that
matter, the other way around)? Well, (—I) is closer to an introduction
rule than (—I'), though it is not a perfect introduction rule: it not only
contains negation in the conclusion but also in one of the premises. But it
at least does contain it, unlike (—=I'), in the conclusion. Hence, if we want
to submit to the discipline of the introduction/elimination rules, we head
for intuitionistic logic.

Despite this, we can see that the difference between the two logics is
delicate; that general considerations can lead us to one of them as well
as to the other. Similarly, we can see other kinds of propositional logics
as alternatives to the intuitionistic calculus: relevant logics, linear logics,
etc., can be seen as calculi working with the same bare language as the
classical one but putting forward more or less different relations of infer-
ence and sets of theorems.

Thus, classical and intuitionistic logic may be seen as differing in
their views on the validity of certain arguments — the intuitionistic logic
rejects some of those that the classical one accepts. There are more
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Hilbertian calculus
(AI) g>(p>(9ny)  (AED) (drp) >4 (AE2) (grp) >y
(1Y g>(pvy) (VI2') p>(dv )
(VE) (¢=>9(p> (v p—>8)
(=1) ¢>(v—>9) (22) (P> (> ))>(F>Y)>(49)
(=E) g (=d>y) () (> (=4>=9)—>4)
(MP) >y, ¢ |— v

Gentzenian calculus

(D gy l=dry EDgw =4 (E2) gy v

D) § = gvy V) y = vy
OBYLgl=e Ly =enngvy =&
VL v Mgy B ¢y v

D L=g =y =g ==/ T=¢ (—E) =4 = v

Figure 8.1

alternative calculi, which, similar to intuitionistic logic, reject some
theorems of classical logic. Thus, relevant logic! rejects the ex falso
quodlibet argument:

(EFQ) ¢, —¢ —v.

The reason is obvious: arguments of this kind allow us to infer a
conclusion that has nothing to do with the premises, while relevant
logicians maintain that an argument is correct only if the premises are
relevant for the conclusion. A side effect of rejecting (EFQ) is that a
local contradiction in a calculus (that is, the provability of a sentence
together with its negation) does not necessarily entail a global one
(namely the provability of everything). The point is that in classical
logic, once you can prove a sentence as well as its negation, you can
prove all sentences of the language (this is precisely what is facilitated
by (EFQ)); in particular, everything is a theorem once you have two

1. See Anderson et al. (1975, 1992).
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contradictory theorems. This is no longer the case if (EFQ) is not
admissible. Then the derivability of a local contradiction does not
directly lead to the global contradiction and thus to the trivialization
of the whole calculus.

Like intuitionistic logic, relevant logic can be seen as an attempt at a
“correction” of the operators of classical logic, at devising versions of the
operators that are in some sense more appropriate. (Note, however, that
the appropriateness might be measured using very diverse — and often
quite vague — criteria, like closeness to the logical vocabulary of natural
language or usefulness for building the foundations of mathematics). In
any case, we have various alternative versions of the calculi of proposi-
tional logic.

Let us note that rejection of (EFQ) is also one of the points of depar-
ture of the so-called paraconsistent logic, the proponents of which main-
tain that contradiction is not something logic should completely shun.?
As we fallible humans do not — and cannot — always avoid contradictory
beliefs, so paraconsistent logicians argue, logic should reflect this and
provide us with the calculi that can tolerate local contradictions. In this
way, even the traditionally most cherished law of logic, the law of (non-)
contradiction (which, in classical logic is expressed as — (¢ A—¢)%), gets
rejected by some of the logics of this kind.

Hilbertian calculus

>0 (> 1>(y>H>(4>9) (#>(y> D> (y—>(4>9)
(g>(¢> W) (d>w) ¢ (pvy) v (dvy)

(Pry)—>¢ (N7l (A (v = (P p)v(97D))
(g NP> 9))=>(¢=>(yn9) (g2 N2> (v p)—>9)
nlad (P>=p)=>(y—>=9)

e Al A A e N

Figure 8.2

2. See Priest (1979) or Béziau and Carnelli (2006).

3. Surprisingly, this, in classical logic, is equivalent to (EM), ¢v—¢. This is because both
laws are constitutive of classical logic in the sense that they hold in it automatically.
Thus, the formulations of the laws within logic say the same in the sense that they both
say nothing.
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8.3 Alternative or New Operators?

We saw that languages of propositional logic may contain different vari-
ants of the core operators (that is, conjunction, implication, negation,
and disjunction), and they may also contain more operators. Thus, if we
take classical logic as the reference point (as is usual), we may want to
distinguish between the modifications of its operators and the additions
of new ones. However, as we will see, the situation is not this clear-cut.

First, however, let us mention the simplest possibility of extending a
logic: adding new operators that, however, can be composed out of the
existing ones; hence, sentences containing them may be seen as merely
notational variants of some sentences without them.

Thus, once we have implication and conjunction, we can define equiv-
alence in terms of them

P =pe (9V )W —9).

Similarly, we can produce the operator |, known as Peirce’s arrow, out of
negation and conjunction:

Vv =p Ay

We should also note that in some logics even some of the core opera-
tors can be composed of other ones. Thus, in classical logic we need
only negation and one more operator; the rest can be defined in their
terms. Therefore, for example, the disjunction, ¢vy can be composed
out of conjunction and negation, or implication and negation so that the
sentence

N
is treated as shorthand for
—(=pr=y)
or for
-y,
This does not hold for intuitionistic logic. The different inferential

roles of classical and intuitionistic operators are documented by the fact
that while, as we already saw, it is the case in classical logic that

I_¢V_‘¢s
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this is not the case in intuitionistic logic. The difference stems from the
fact that while in both classical and intuitionistic logic it holds that

$t—=¢v—¢ and —¢l—dv-d,

due to the differences between the inferential rules governing negation in
the calculi, the following metarule holds only in classical logic

Pty //—y.

Now let us turn our attention to the operators that either nontrivially
modify, or nontrivially extend, the core operators of classical logic.

We have already seen that the operators of intuitionistic logic represent
alternatives to those of the classical one. Thus, for example, intuitionistic
negation differs from the classical one in that it does not obey the double
negation rule:

¢ 9.

It seems then that we have a clear example of an operator that is a
variant of the classical one, not a new operator. But the situation is not
so simple — why could we not see intuitionistic negation as a new opera-
tor that has nothing to do with the classical one? And as Quine in fact
pointed out, if logical operators are individuated by their inferential
roles, then it simply s a different operator, though it might seem in some
respects similar to the classical negation.

This opens up the question as to whether we can see any two logics as
rivals at all. Is it not so, as Quine suggested, that once we change a rule for an
operator we have a new operator and no reason to see it as an alternative or
an upgrade on the original one?* The answer is that until we look at the oper-
ators as nothing more than vehicles of their respective calculi, the possibilities
of seeing two of them as alternatives or as competing are severely limited.

One possibility to do so might seem to be to call two operators as
alternatives if they are “similar enough,” where “similar” here cannot
mean anything other than “governed by similar inferential rules.” This,
however, would presuppose the development of a measure of similarity
of inferential roles; this is something that surely is not inconceivable, but
which I have never seen carried out in a satisfactory way.’

Another possibility would be to proclaim some specific rule or rules as
distinguished and to see all operators governed by the distinguished rule
or rules (while differing in other rules that govern them) as “variants.”
Imagine, for example, that we say that any operator that is governed by

4. This was famously pointed out by Quine’s (1986, p. 80) slogan “change of logic, change
of subject.”
5. But see Jonsson (2017) for an interesting attempt.
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MP is an implication. Then we can have a whole lot of implications and
we can compare them with respect to their usefulness.

Both of these possibilities, however, have a significant air of arbitrari-
ness. On the basis of what do we draw a sharp boundary between infer-
ential roles that are similar and those that are not? Or why should we say
that all operators governed by a rule are variants of the same operator?
(Note, for example, that conjunction does obey MP!)

But there is a wholly different view on the matter, which lets us make better
sense of the idea of competing variants of logical operators. We must realize
that calculi do not originate out of the blue, that they are basically tools of
investigating real arguments — namely arguments in natural languages. From
this viewpoint, it is important that the constants of the artificial languages
that underlie our calculi approximate words or expressions of natural lan-
guage. And indeed, this is usually the case: conjunction is usually considered
to be a more or less straightforward proxy for the English and, disjunction
for or, etc. Now, insofar as there is this relationship of the elements of the
artificial calculus to something outside the calculus, there is a natural way
of seeing different operators as competing alternatives; they are competing
alternatives if they aim at regimenting the same element of natural language.

Take implication. The frequent objection to the implication of classical
logic (also called material implication) is that English conditionals do not
behave in an analogous way. The so-called strict implication proposed
by C. L. Lewis (1912, 1917), for example, was born out of the author’s
dissatisfaction with how material implication captures what we would in
natural language call implication, especially with the paradoxes of impli-
cation. From this viewpoint, it makes very good sense to compare mate-
rial and strict (or, for that matter, intuitionistic or relevant) implication.

8.4 More Operators

We have seen that the distinction between trying to upgrade, say, an implica-
tion of a logical calculus and trying to introduce a wholly new one is blurry.
However, there are definitely lots of sentential operators that have little to
do with the core ones and which were proposed to enhance the scope of
logic. The paradigmatic case is represented by the modal ones, which also
appeared relatively early in the development of modern logical calculi.

The concepts of necessity and possibility, and their logical behavior, were
already investigated by Aristotle as an integral part of the agenda of logic,
so it is no wonder that the attempts at their incorporation into the logi-
cal calculi appeared as early as the first decades of the twentieth century.
Ironically, there is a sense in which they did not result from a conscious
attempt at widening the range of logical operators incorporated in the cal-
culi but rather from C. L. Lewis’s attempt to introduce his better version
of implication mentioned previously. At some point of his musing over the
most appropriate axioms for the strict implication, Lewis found out that he
cannot make do without the concept of possibility and the corresponding
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operator 0. The five variants of the calculi of strict implication he formu-
lated® then gave the impetus for the development of modern modal logic,
which then came to be based on the operator [J of necessity. Possibility and
strict implication have then come to be defined in its terms:

0p=py ¢
¢ Sw=psOp>w).

It is remarkable how unclear the axioms for [J (and other modal opera-
tors) were. True, we saw that even in cases of the core operators there
were some quarrels among different authors, but here we see that even
the proponent, C. I. Lewis, proposed five different calculi, for he was not
able to decide which is the “right” one. Since then, calculi for [0 have
multiplied to uncountability.

Of course, there are some calculi that appear more natural than others.
The simplest of Lewis’s five calculi, S5, is produced when we add to the
Hilbertian calculus of classical logic the following axioms and rule:

(T)  DOé—es
(K)  Op—w)>O¢—0y);
(Nec) ¢ —0Og.

When we strike out the axioms (T) and (S5) we gain a calculus that is in
a certain sense “minimalistic” and which nowadays is called K.

The primary reason why there are so many calculi for necessity appears
to be that the concept of necessity is itself unclear. There are various

Hilbertian caleulus
(AI) g>(y>(drp)  (AED) (dap)>¢  (AE2) (drp)—> v
G ¢y>d (5 () (W ($->9)
(-E) $>(—g>y) (D) (¢ (—¢>—p)>9)

(K) O(¢->p)~>Op->0p):

(1) Og>g (85) ~Og>0-0lgs

(MP) ¢y ¢ =y (Neo) ¢ =0

Figure 8.3

6. See the Appendix of Lewis and Langford (1932).
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versions of necessity: logical, physical, deontic, and what not. But even
if we restrict our attention to one of the versions, it is still not quite clear
what exactly holds for it (if something is possible, does it follow that is it
possible that it is necessarily possible?). Moreover, once we have a variety
of calculi for [J we can try to derive new ones just for the hell of it (or for
the reasons that they may underlie interesting mathematical structures).

The necessity operators are just a sample of a great variety of opera-
tors, which were proposed in addition to the core ones. Given the wealth
of them, the question, of course, comes up as to how much freedom we
have in introducing such new operators — in particular, as to whether
such an operator can be constituted by any kind of inferential pattern.

The answer is negative in the sense that many such collections of
inferential rules do not lead to anything that can be useful as a logi-
cal operator. Consider, for example, a hybrid between disjunction and
conjunction, ®, which is defined in terms of the introduction rules of the
former and elimination rules of the latter:

@) ¢l ¢®y
(®12) yl—9¢®y
(®E1) ¢Q®yw|—¢
(

®E2) ¢®y|—y.

As for any ¢ and y we have both ¢ |— ¢®y and ¢®y |— w, we get
¢ |— w via (Cut).” Therefore, if our calculus admits (Cut), then the pres-
ence of ®, governed by the previous rules, makes any sentence inferable
from any other sentence (hence, if the calculus has at least one theorem,
then every sentence is a theorem). It does not seem that such an operator
would be useful — on the contrary, it seems to be a disaster for any calcu-
lus in which it would appear.

This leads to the question of where the limits of “reasonable” logical oper-
ators are; in particular, whether it is possible to characterize collections of
rules and/or metarules that lead to such “reasonable” operators. One such
characterization was proposed by Belnap (1962) and Hacking (1979), who
argue that the hallmark of such a “reasonable” logical operator is its conserv-
ativeness: the fact that it does not introduce any new inferential links among
sentences which do not contain it. (Note that ® violates this condition; in
particular, it introduces an inferential link between any two sentences.®)

7. The operator thus behaves like the notorious tonk, tabled by Prior (1960) and discussed
by many authors afterwards (Belnap, 1962; Cook, 2005; Wansing, 2006). See also Per-
egrin (2014, Chapter 8).

8. However, also note that there is a sense in which classical negation is not conservative
in this sense. While we will have a conservative extension if we add all the operators of
classical propositional operators in one sweep to a language, if we add implication and
then negation, the last extension will not be conservative, for it will let us prove new
theorems not containing negation.



84  Calculi of Propositional Logic

But despite the fact that some sentential operators may turn out to be
this vicious, we can introduce a lot of sentential operators beyond the
core ones, some of them trying to capture some logical words of natural
language, others for various different reasons.

8.5 Substructural Calculi

We have stated that the structural rules look almost self-evident and that
they fit very well with the enterprise of proving. However, we have also
indicated that there may be reasons to suspend some of them; this, of
course, would lead us to calculi quite different from the ones we have
considered up to now.

The fact is that a lot of recent and current researchers investigate logics
in which one or more of the structural rules do not hold.” Probably the
most understandable idea is giving up the rule (Ext). As we have already
noted, it is to a certain extent plausible to say that, for instance, AAB is
inferable from A and B but not from A, B, and C (for Cis “superfluous”).
This usually leads to the relevant (or relevance) logics, mentioned in §8.2,
with usually quite complex calculi.

Rejection of (Con) is more difficult to substantiate. It leads to viewing
the premises of an argument as “resources” that are “spent” by being
used. The rejection of this rule is the basis of so-called linear logic.°

The most complex problems surround the rejection of the (Cut) rule.
Originally, Gentzen took pains to show that in certain calculi, even if
we strike out this rule from the rules of derivation, it will continue to
be admissible — that is, the particular calculi will obey the (Cut) rule
even when it is not explicitly stipulated. This was welcome because cal-
culi without the explicit (Cut) were usually much easier to analyze than
those with (Cut); especially, it was easier to prove their consistency and
decidability.

An overview of reasons which may make us give up individual struc-
tural rules, and also details about (Cut) elimination, are given by Paoli
(2013).

8.6 “Expressive Power” of Propositional Languages

Return to the examples of arguments that we listed in §2.2. As is clear,
we can formalize three of them on the propositional level:

(LFA4) AAB

A

9. See Restall (2000).
10. See Girard (1987).
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(LFAS) A A—B
B

(LFA6) AvB —B
A

With some inventiveness regarding using the connectives, we can add
a fourth one:

—A.

If we use the definition of the connective | introduced earlier, we can
have an even more perspicuous formalization:

(LFA7') AlB
—A.

The ability of a formal language to capture instances of following-from
(“intuitively” correct arguments) is sometimes called the “expressive
power” of the language. (A more exact definition of this concept would
be quite complicated, so we leave it at the informal level.) We see that the
expressive power of the languages of propositional logic is limited, even
such simple arguments like (A1)-(A3) are beyond its ken. This motivates
a search for expressively more powerful languages.

Note also that the letters A and B, as we have just employed them,
are parameters, hence the sentences they make up are elements of the
formal language of propositional logic, and that (LFA4)-(LFA7) are not
arguments but rather argument forms. Indeed, they point out the logical
forms of arguments.

Can we also have propositional constants to regiment specific sen-
tences? Of course we can (though they usually are not introduced into
propositional languages). We could, for example, introduce the constant
DogFido to regiment the sentence Fido is a dog and SickFido to regiment
Fido is sick. (Of course, in order for them to become genuine constants —
rather than mere constants “in spe” — they would have to be assigned
specific inferential roles.)! Then we can regiment (A4) as

DogFidonSickFido
DogFido

(LSA4)

11. We might thus have, for example, DogFido as the single premise of an argument with
the conclusion AnimalFido, etc.
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This is a specific argument within a specific formalized (rather than for-
mal) language. (We can call (LSA4), to distinguish it from (LFA4), the
logical structure (rather than form) of (A4).)'? We can move from the
structure to the form by the process of abstraction in that we replace
the constants by parameters.

12. This is a terminology introduced by Peregrin and Svoboda (2017), where it is discussed
in greater detail.
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9.1 From Propositional to Predicate Logic

To enhance the “expressive power” of propositional logic (in the sense of
the ability to capture more instances of following-from), we need a lan-
guage that would not take sentences as indecomposable wholes; we need
to consider parts of sentences and to reveal some new pieces of “logical
vocabulary,” which can be regimented as logical constants, inside them.
So the language of predicate logic does not contain any sentential words
(simple symbols of the category of sentences), and it works only with sen-
tences composed of subsentential parts. Hence, even the atomic sentences —
that is, those which do not consist of other sentences — consist of simpler
expressions.

An atomic sentence of the language of predicate logic consists of an 7-
ary predicate word and 7 subject expressions. Thus, we have new catego-
ries of expressions: n-ary predicates (for any natural #) and subjects. The
only predicates are words; the subjects can be either words or complex
expressions. The latter is the case if we have the categories of n-ary func-
tors (for any natural 7), which form a subject expression together with
n subject expressions; for the sake of simplicity, we will disregard func-
tors; the reason why we can do this is that functors can be “emulated” in
terms of predicates.!

Thus, the vocabulary of a language of predicate logic equals that of
the language of propositional logic minus sentential words plus predicate
and subject words plus quantifiers.

In particular, we assume that we have subject words a,, a,, . . . and
predicate words (each with an assigned arity, which we mark as the
superscript) P}, P}, ..., P2, P}, ...; and we have the syntactic rule

If P is an n-ary predicate and a, b, . . . is an n-tuple of subject words,
then P(a, b, . . .) is a sentence.

1. Thus, for example, an n-ary functor f can be “emulated” by an (7+1)-ary predicate F
such that F(t,, . .., t,t)iff £ = f{¢, ..., t,). Thus, instead of P(. . ., f{t1, . . -5 L,)s .- ),
we can have P(. .., ¢, .. )AF(t, ..., t,1).
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We keep assuming that we have unary sentential operators and binary
sentential operators plus the rules

If O is a unary sentential operator and ¢ a sentence, then Og is a
sentence.

If O is a binary sentential operator and ¢, y are sentences, then (¢Oy)
is a sentence.

The most standard version of the predicate calculus is based on the
core operators of propositional logic, that is, -, A, v, and —, but any
kind of modified or additional ones can be imported too.

Now it is clear that, unless we introduce some new logical constants,
we will not gain any expressive power greater than the corresponding
propositional calculus in the sense that we would not have any new theo-
rematic arguments. The new constants that are standardly added to the
language of predicate logic and that make it much more powerful (though
also much more complex) than propositional logic are the two quantifi-
ers, V and 3. The quantifiers necessitate a brand new kind of expression:
(subject) variables x,, x5, x3, . . . . They belong to the category of subjects
but for some purposes they must be distinguished from subject words. In
particular, the syntactic rule for quantifiers runs as follows:

If U is a quantifier, x a variable, and ¢ a sentence, then Uxg is a
sentence.

Moreover, the introduction of the quantifiers brings about the divi-
sion of the category of sentences into two kinds: open and closed. The
terminology is usually modified so that sentences in general are rechris-
tened as formulas and the term sentence is reserved for closed formulas
only. What is the difference between open and closed formulas? Roughly
speaking, open formulas are those which contain variables while closed
formulas are those which do not. More precisely, open formulas are those
which contain variables essentially, where the occurrence of a variable x
within a formula becomes inessential if it is bound by a quantifier — that
is, if it occurs within a subformula of the shape Uxg.

What is usually added to the predicate calculus is the logical constant =,
which is a binary predicate, so that it forms a sentence together with two
subjects.

While the language of propositional logic was rather transparent in
the sense that it mostly replicated some simple syntactical structures of
natural languages (the fact that we can negate sentences, or form more
complex sentences by joining simple ones by means of connectives), the
structure of the language of predicate logic is much less transparent.
Therefore, it is vital to understand the working of quantifiers and of the
ways quantified sentences are supposed to regiment those of natural lan-
guages. This is what we are going to discuss in the following sections.
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A note about the symbols that we employ. Similarly as we employed
the Greek letters ¢, v, . . . as propositional “metaparameters,” that is,
as symbols that we use in order to speak about sentential expressions,
we now employ other types of “metaparameters” to talk about other
kinds of expressions. Thus, we use the symbols x, y, . . . as the “meta-
parameters” for variables (note that these symbols are not among the
variables of our languages — the variables are x,, x,, . . .); for predicate
words we will use P, Q, . . . ; for subject words a, b, . . . ; and for
quantifiers U. We should probably use Greek letters for all the kinds of
metaparameters; however, this would lead to a notation that would be
so different from what we usually find in logical textbooks that it could
be misleading.

9.2 Quantifiers — Motivation

While the logical constants of propositional logics may be seen as more or
less straightforward regimentations of the selected logical expressions of
natural language, the situation with quantifiers is much more complicated.
It is important to realize how different the usual predicate calculi are from
the propositional ones. Propositional calculi, we saw, are originally based
on the idea of direct regimentation: on the idea that some logical elements
of natural language — mostly connectives that help us build more complex
sentences out of simpler ones (and, or, if-then, . . .) — can be “replaced”
by their exactly delimited counterparts (A, v, —, . . .). The quantifiers
that have come to be employed in the languages of common predicate
calculi are different: they do not have such straightforward counterparts
in natural languages. Also, they are inseparable from variables, together
with which they introduce brand new kinds of philosophical problems.

But let us, for a moment, forget about what we know about standard
predicate logic and imagine that we want to extend propositional logic to
the predicate one without deviating too much from the process of direct
regimentation. We want to find, in natural language, additional logical
words or phrases that could be directly regimented (similarly as the con-
nectives which have become imprinted in propositional logic).

When we decompose atomic sentences into predicate and subject parts,
we are likely to notice that only some of the subjects are what can be con-
sidered names, even in the broad sense of the word in which a name is
anything that purports to refer to an object. There are a lot of subjects
that are of a different nature, subjects such as

everything

some animal

every boy

most people

more than half of inhabitants of London,
etc.
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They do not seem to fit into the same category with prototypical names
such as Duke Ellington, the president of the USA, the guy over there,’
etc. And, moreover, at least some of them look like candidates for logical
words, especially every, some, most, etc. In a typical case, a word like
some, every, or most constitutes a subject together with a common noun,
that is, with what from the viewpoint of logical regimentation falls into
the category of unary predicates. Hence, it would seem we might have a
new category of logical constants, namely expressions which take unary
predicates to subjects. Let us call these kinds of expressions (in agreement
with what has become common within formal semantics) determiners.

Imagine that we introduce two new logical constants of this category,
V and 3, to regiment the English words every and some. Thus, if P is
a unary predicate (regimenting, e.g., animal), VP and 3P are subject
expressions (regimenting every animal and some animal), Q(VP) and
O(3P) are thus sentences for any unary predicate QO (regimenting, for
example, Every animal breathes and Some animal breathes). Which rules
of inference would be appropriate to characterize these two new con-
stants? What comes to mind immediately is

(VE)  P(V(Q)), Ola)|—P(a), and
@D Pla), Q@t—PEQ)).

Note that from the viewpoint of constituting sentences, a determiner
is an expression that takes two unary predicates to a sentence. Hence,
determiners could also be seen as of this different type and we could write
V(P, Q) and 3(P, Q) instead of Q(VP) and O(3P), respectively. (Viewed
in this way, determiners become akin to the subject matter of Aristotle’s
syllogistic, namely V(P,Q) becomes what has come to be abbreviated as
PaQ, while 3(P, Q) becomes PiQ. Thus, we can see syllogistics as an early
attempt at the calculization of determiners.)

This approach to quantifiers, as a matter of fact, appeared in logic only
relatively recently, in the context of the so-called formal or (model-theoretic)
semantics that attempts to create logics that “copy” the syntactic structures of
natural languages more closely than ordinary ones. Here determiners moved
to the center of attention especially within the so-called theory of generalized
quantifiers.> Here, however, the determiners are usually not considered as
primitive constants but are defined in terms of standard logical quantifiers.

To move closer to the standard quantifiers, note that instead of choos-
ing every and some as the natural language logical words which we want
to directly regiment, we could have chosen everything and something.
(If we master them, and if we manage to regiment relative clauses, then we

2. And as Russell (1905) famously showed, even taking the definite descriptions as “names”
is not unproblematic.
3. See, e.g., Barwise and Cooper (1981) or Loebner (1987).
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can perhaps regiment subject phrases like some animal and every woman
as something that is an animal and everything that is a woman.) If we use
the symbols V and 3 to regiment them, we could leave them syntactically
on a par with names, hence consider them as constant subject words, and
consequently have sentences like P(V) and Q(3). (Alternatively, we could
of course consider quantifiers not as something which is taken by a unary
predicate to a sentence but rather as something which takes a unary pred-
icate to a sentence — thus we would have V(P) and 3(Q).)* The inferential
rule that would seem immediately appropriate for them would then be

(VE) P(V)}—P(a), and
(3) P(a)}—P@A).

There seem to be two problems with this treatment of ¥V and 3 (both
with their treatment as determiners and as specific subjects). The first
is that we have only an elimination rule for V, whereas we would seem
to need an introductory one also (and the other way around for 3). The
second problem is that if we consider sentences with predicates of greater
arities, this treatment of V and 3 seems to lead to some undesired ambi-
guities. Consider the sentence

R(Y,3).
It might be seen as the form, for example, of
Everything is caused by something.

The trouble, however, is that this sentence appears to be ambiguous:
on one of its readings it says that everything has a (possibly different)
cause, while on the other it says that there is something that causes eve-
rything, that is, that

There is something such that everything is caused by it.

Could the regimentation of this second reading be R(3,V)? Not really,
for given R(V,3) regiments Everything is caused by something, R(3,V)
would naturally regiment Something is caused by everything, which is,
needless to say, something very different from There is something such
that everything is caused by it.

It would therefore seem that the constants V and 3, introduced in
this way, lead to the method of regimentation that lacks means for

4. This, as we will see, is what usually happens when we consider semantics of the quanti-
fiers, especially using lambda-categorial grammar (see §10.4), where we need the “quan-
tified subject expressions” to be of a different category than the “ordinary” ones.
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accommodating substantial differences present in natural language. The
problem, it would seem, is this. Given a binary predicate (or, for that
matter, a predicate of a greater arity), we need to know the order of its
arguments, viz. which of the arguments fills which place in the predicate
(for R(a,b) is, of course, something different from R(b,a)). But in case the
arguments are quantifiers, there is also a different kind of order that has
to be captured, the order that distinguishes for every x there is some y
and there is some y such that for every x.

There are, to be sure, various ways of representing this order. We
may, for example, introduce superscripts to quantifiers, to distinguish
between R(V1,3?) (regimenting Everything is caused by (a) something)
and R(V2,3") (Everything is caused by (the same) something, that is,
Something causes everything). There are many other ways of accom-
plishing the same thing; for example, we can factor out the quantifiers
before the predicate, so that what was marked by the superscript is
now marked by their order, namely V3 vs. 3V. However, we must
still keep the information as to which quantifier fills which slot in
the predicate, which might again be accomplished by means of the
superscript, so that now we have V'3’R instead of R(V',3?) and 3*V'R
instead of R(Vv2,3").

An interesting alternative, introduced by Quine (1960), is to assume
that quantifiers always fill the slots of the predicate in the order in which
they are listed and to introduce ways of permuting the slots. Thus, if we
have a functor Ex which exchanges the slots of a binary predicate (that is,
it maps a binary predicate R on a predicate Ex(R) such that Ex(R)(a,b) is
R(b,a)), then F>V'R can be simply 3VR while V'3?R is VIEx(R). (Quine
introduces a minimalistic set of such functors with which we can accom-
plish everything we need.)

However, so far we have solved only a part of the problem, for up to
now we considered ways of combining quantifiers directly with simple
predicates, whereas what we would need, over and above this, is to be
able to regiment sentences such as

Everything is either caused by something or it causes something.

In view of the fact that in standard predicate logic the regimentation
would be Vx3yR(x,y)vR(y,x), we could think of regimenting the sen-
tence as

V"3 RVR,

the translation of which into the Quinean idiom would be

V(3(Refl(Refl(Perm(Pad(Refl(Perm(Perm(RVR))))))))),
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where Refl, Perm, and Pad are functors accomplishing certain basic per-
mutations of slots in predicates:

Pad” (P)(xy, x5 ..., x,)=P(x,,...,x,);
Perm” (P)(x,, ..., x,) =P (X, X35 .. .5 X,, X,);
Refl” (P)(x,,..., x,)=P(x,, x,,..., x,).

However, the trouble is the component “RvR,” which is not a well-
formed expression since a sentential operator such as v interconnects
sentences, not predicates. Hence, we now would need to define a version
of v that can connect predicates, and similarly for other sentential opera-
tors. Thus, the final Quinean version might look as follows

V(IRefl(Refl(Perm(Pad(Refl(Perm(Perm(RUR))))))))),

where U is a disjunction able to interconnect predicates.

Now we can, of course, also use the most standard way of connecting
“factored out” quantifiers with the respective slot of the predicate: we
fill the slot by a placeholder symbol and put the same symbol beside the
quantifier that belongs to that place. Thus, we have Vx3yR(x,y) instead
of V'3?R, and we have 3yVxR(x,y) instead of 3*V'R. And, indeed, we
would have Vx3y(R(x,y)vR(y,x)) instead of V'*3**RUR.

The reason why it took us so long to work our way toward this stand-
ard (and perhaps prima facie obvious) solution to the problem is that,
given the motivation discussed in this section, we do not really need vari-
ables — they are dispensable auxiliaries that we need as part of a handy
technical solution, not indispensable parts of the language of the predi-
cate calculus. This, I think, is fundamentally important.

9.3 Quantifiers as Infinitistic Sentential Operators?

Let us now look at the way in which quantifiers, and their underpinning
machinery of variables, as a matter of fact, came into being in the writ-
ings of the ur-fathers of modern logic. Gottlob Frege, when introducing
quantifiers, considered decomposing a sentence into two parts and then
removing one of the parts, replacing it by a special kind of symbol. Then
we may formulate a specific kind of sentence which is true iff replacing
this special symbol by any expression of the suitable kind in our language
always produces a true sentence (Frege, 1879, p. 19):

In the expression for a judgment we can always regard the combi-
nation of signs to the right of |— as a function of one of the signs
occurring in it. If we replace this argument by a German letter and
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if in the content stroke we introduce a concavity with this German
letter in it, as in:

Fe— o(a)

this stands for the judgment that, whatever we may take for its argu-
ment, the function is a fact.

Here Frege introduced what in the contemporary notation would be
“VxP(x)” by stipulating that it is true iff “the function is a fact whatever
we take its argument to be.” This, needless to say, is somewhat blurry;
it is especially not clear as to how far this is to be interpreted in what is
now considered as a substitutional way (as saying “whichever name of
the language in question we substitute for ‘x” in ‘P(x)’ we gain a true sen-
tence”) or in the objectual one (“whichever object from the universe we
take, it will satisfy ‘P(x)>”); but let us, for the time being, stick to the first
option. Thus, VxP(x) comes to be something as an infinite conjunction of
all the sentences of the form P(. . .).

Something very similar emerges from the explanation of quantifiers
given by Russell (1905, p. 480):

Then everything and nothing and something (which are the most
primitive of denoting phrases) are to be interpreted as follows:
C(everything) means “C(x) is always true”;

C(nothing) means “‘C(x) is false’ is always true”;

C(something) means “It is false that ‘C(x) is false’ is always true.”

Again, there is, from the current viewpoint, the ambiguity between the
substitutional and the objectual reading, but if we stick to the former, we
get the equivalence of “C(everything)” with the possibly infinite conjunc-
tion of the sentences of the form “C(x).”’

5. What might appear strange is that both Frege and Russell take recourse to what we
would call metalanguage when explaining quantificational sentences. Why do they talk
about the truth of the sentences of the object language, thus having to do the “semantic
ascent” to the metalanguage? One explanation is that their employment of the truth-
predicate is only a non-committal expedient. As disquotationalists of all sorts point out,
we can have the truth predicate in a language, and we can say such things as Everything
Aristotle wrote was true without thereby committing ourselves to truth as a substantial
property. The truth predicate can be seen merely as a “syntactic tool”: if we were able to
assert everything that Aristotle wrote, we would not need to assert Everything Aristotle
wrote was true, but as this is not really possible, the shortcut comes in very handy. And
similarly we could take Frege’s and Russell’s employment of the truth predicate as not a
semantic ascent to a metalanguage but rather as a syntactic shortcut. What both Frege
and Russell seem to convey is that the sentence “C(everything)” is equivalent to the set
of all sentences of the shape “C(. . .)”, i.e., it is something like an infinite conjunction.
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Anyway, from the assimilation of the general quantifier (and its natural
language counterpart, everything) to infinite conjunction (and the exis-
tential quantifier to infinite disjunction), what the introduction rule for
general quantifiers should look like follows: it should have an infinite
number of premises. Hence, it would look like

(V) P(a), P(b), .. .}— VxP(x), where a, b, . . . are all the subject words
(or all “canonical” subject words)® of the language.

And this looks like a problem, for something with an infinity of prem-
ises does not really look like a rule.

Moreover, there is another, well-known problem. Even if we accepted
infinitistic rules, it is not clear whether the substitutional construal of
quantifiers we have considered so far is really satisfactory. Is it sub-
stantiated to conclude that everything is P on the basis of all the sen-
tences of the form P(. . .)? Intuitively, it is only if we have names for
everything. But can we assume that we always have names for every
object?

9.4 Variables as “Generic Names”?

Hence, from the viewpoint of building a calculus, the assimilation of
quantifiers to infinitistic operators is not quite satisfactory. There is, how-
ever, a different line of thought that may look promising: the assimilation
of every to any. The basic idea is that we can conclude that P is proven
to hold for everything once it is proved to hold for anything — namely for
something of which we do not assume anything specific. Which is, that is
to say, unspecific enough to be able to represent any object.

This would necessitate a new kind of symbol, some “generic names,”
hence names that can name anything. We have already seen that we may
use variables to underpin the working of quantifiers, and that purely in
this role variables are dispensable. Now we can reuse them in a new way:
they can act as our generic names. The basic idea is that if P(x) is a theo-
rem, then so is VxP(x). This can be embodied into

(Gen) F—P(x)//—VxP(x),
but this is a metarule. Can we have it in the form

(Gen+) P(x)—VxP(x)?

6. It may be the case that there are distinguished kinds of subjects such that every other sub-
ject is equivalent to one of them, such as the numerals within the language of arithmetic.
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This is not quite clear, and it reveals certain perplexities concerning the
concept of “generic name.” One thing is that if we have the operator —
fulfilling (Ded+), we would have

—P(x)—>VxP(x).

This does not seem quite right — for according to the sense we gave to x
it appears to read If anything is P, then everything is P, which is usually
understood as synonymous with If something is P, then everything is P.
In fact, in classical logic this does yield

F—3xP(x)—>VxP(x),

which is clearly absurd. Hence, we would need to reject (Gen+) or (Ded+).
The usual option (see, for example, Mendelson, 1964, §§2.3, 2.4) is sac-
rificing (Ded+), so that we can keep (Gen+). In this case, (Ded+) only
holds for a restricted part of language, where it does not get into conflict
with the effect of variables.

Viewed thus, variables appear to be a much more substantial part of
the language of logic than mere dispensable auxiliaries. Can we see them
as directly regimenting something which is present — in such or another
way — in natural language? Do we have, in the language, something like
“generic names”?

Can we take the idea that variables regiment anything at face value?
In fact, if we were to have only a single variable in our language, this
might be a plausible view. However, we have many; and there is cer-
tainly a substantial difference between R(x,y), R(y,x), and R(x,x),
which would come out the same if every variable were to be seen as
regimenting anything.”

However, it would be possible to think about variables in the context
of regimentation of the refined kind of linguistic practices that we espe-
cially find in mathematics. Perhaps “R(x,y)” can be seen as regimenting
something like “Take an arbitrary object, call it x, and another arbitrary
object, y, and assume R(x,y).” But note that this brings us some way
away from our original idea about regimentation as the process of replac-
ing certain words or phrases of natural language by their more precise
and more definite artificial variants.

7. We could also consider other expressions of natural language as playing the role of
“generic names,” as, for example, pronouns. However, despite the fact that the role of
such words in language might be seen as including a “generic ingredient,” their role is
much more complicated than to be considered as “generic names.” (On the inferential
role of pronouns, see, for example, Peregrin, 2000a.)
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9.5 Variables and Syntactic Structure

Variables and open formulas may serve still one more purpose, namely
to dramatically enhance, in a covert way, the syntactic structure of the
language to which they belong. Consider the English connective and.
It can be used to join not only sentences, but also, for example, predi-
cates. We can not only say Somebody is tall and somebody is bald but
also Somebody is tall and bald (which, needless to say, is something
different — it requires the conjunctive predicate). We can do no such
thing with A within the standard language of predicate logic - it is
restricted to joining sentences.

Now if we have variables, we can form the conjunctive open sentence,
P(x) AQ(x), which we can view as a “pseudopredicate”: when we take
a subject, plug it in place of all occurrences of x, we gain a (closed) sen-
tence. Thus, in this sense, P(x) A Q(x), as well as any other open formula,
can be seen as a complex predicate.

This amplifies the otherwise austere syntactic structure of the pred-
icate calculus in an immense way. However, it does so in a covert
way — an open formula is not really a predicate. An attempt to make
this explicit and transparent might be found in the language of the
lambda calculus.® According to it, an open formula is not yet a predi-
cate, but there is an explicit way of turning it into one. The lambda-
abstraction rule, restricted to the needs of predicate calculus, goes as
follows:

If ¢ is a formula and x,, . . ., x,, are variables, then Ax, . . . x,4 is an
n-ary predicate.

Moreover, the lambda calculus is a calculus in that it stipulates a cer-
tain equivalence between the expressions. In particular, it stipulates that
(where ¢[a,/x,, ..., a,lx,]is ¢ in which all free occurrences of x,, . . ., x,,
are replaced by a, . . . , a,, respectively)

Axy...x,0)(a,...,a,) is equivalent with ¢[a)/x,, ..., a,/x,].

Given that any open formula can be transformed into a predicate, we
can see quantifiers simply as second-order predicates (that is, predicates

of predicates) taking predicates to sentences:

If U is a quantifier and P a unary predicate, then U(P) is a sentence.

8. See Barendregt (1980).
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Indeed, instead of Ux¢ we will now have U(Ax¢). Moreover, we can
dispense with open formulas altogether, for we can reformulate the rule
of lambda-abstraction as

If ¢ is a (closed) formula and x,, . . . , x, are variables then
My oL xdlxida, .. ., x,/a,] is an m-ary predicate such that
M. xdlxday, .., xla(by, o . ., b,) is equivalent with

dlba, ..., b,la).

Then we can also get rid of variables, for instance, by Quine’s method
of predicate functors.

How do we build, for example, a formula corresponding to
Vx3yR(x,y)? Well, we start from R(a,b), produce AyR(a,y), we apply
the existential quantifier 3(AyR(a,y)), then we produce Ax3(AyR(x,y)) by
another lambda-abstraction, and then we, finally, apply the general quan-
tifier: V(3R (x,))).

Though the lambda-abstraction rule is not an explicit part of the usual
language of the predicate logic, we can see it as being at work in it
implicitly. It is implicit to the understanding of open sentences as “pseu-
dopredicates,” and it makes us articulate the introduction and elimina-
tion rules for quantifiers in a way much more general than we did it
previously:

(VE) Vx ¢ F—¢p[alx]
(Gen+) O H—Vx¢.

But once we have lambda-abstraction, there is again no reason either
for this generalization or for variables. The only variable-binding rule is
now that of lambda-abstraction (and in it the employment of variables
can be replaced by any of the techniques mentioned previously). Thus,
instead of, for example,

Vx(P(x)AQ (x))
we will now have
V(Ax(P(x)AQ(x))).
Moreover, now we can formulate (VE) in a simpler way:
(VE) v(P)—P(a).

On the other hand, having gotten rid of open formulas, we can no longer
formulate (Gen+) as we would again need an infinite number of premises.
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9.6 Variables and Natural Language

To summarize the morals we have assembled throughout this chapter,
we must, first and foremost, stress that there are no variables in natural
language; that is, variables are nothing that a logician discovers as (cov-
ertly) present in natural language, they are the logician’s expedients of
giving an account for the language and its workings.” In particular, they
are an integral part of a certain technical package, involving quantifi-
ers, which was introduced to capture certain kinds of “quantificational”
subject expressions of natural language. It made the enterprise of logical
regimentation of natural language largely deviate from the “direct” route
it used to take on the level of propositional languages.

Variables and quantifiers have turned out to be expedients indispensa-
ble in the sense that they have made for some technically very efficient
ways of regimentation and for certain relatively transparent formal lan-
guages of logic. However, we should not forget that the same which we
achieve in terms of variables could be, in principle, also achieved by other
means, especially without engaging anything like variables. It is crucial to
realize this, for it reveals the true roles of variables as being, practically,
extremely useful items, but theoretically inessential.

Thus, we can say that variables are “merely” (handy) tools of the logi-
cians who need to account for some phenomena concerning natural lan-
guage. Hence the rules, etc., involving variables do not have any direct
counterpart in natural language; rules like that of lambda-abstraction are
not means of direct regimentation. In general, the employment of vari-
ables put logic on a track in which logical regimentation became more
a matter of a creative art than a mechanical replacement of natural lan-
guage expressions by artificial constants and parameters, and it made
the relationship between the artificial languages of logic and natural lan-
guage quite convoluted.!

9. Thus, I reject the view of Shapiro (1998, p. 139) that while “parentheses are artifacts,
serving to make the formulas unambiguous,” “variables, connectives, and quantifiers
do have counterparts in natural languages, more or less.”

10. It is not that the languages of propositional logic cannot be employed, for the purposes
of logical formalization, in various creative ways. They can and often are. However,
their elements do have direct counterparts in natural language, so usually even a very
inventive formalization of a sentence can be seen as a matter of a paraphrase of the
sentence. For propositional languages, this is often much harder.



10 Calculi of Predicate Logic

10.1 The Calculus of Classical (First-Order) Predicate Logic

We have already sketched the language of predicate logic (and it is sum-

marized in Figure 10.1).

Vocabulary:
Subject words: ai, az, ...

Subject variables: xi, x2, ...

specific binary term =
Unary sentential operator: —
Binary sentential operators: A, v, =

Quantifiers: Vv, 3

N-ary predicate words (for every n): P"1, P"2, ...;

Delimitation of sentences

A variable x is free in a formula ¢iff:
¢is atomic and x occurs in ¢ or @is
Owand x is free in y; or gis yO&
and x is free either in worin & or ¢is

Uywand x is free in yand it is not y.

A formula is open if it contains a free
variable; otherwise it is closed.

A closed formula is a sentence.

Syntactic rules:

A subject word or a subject variable is a
subject

If P is an n-ary predicate and a,b,... is a
sequence of n subjects, then P(a,b,...) is an
(atomic) formula

If O is a unary sentential operator and ¢a
formula, then O¢is a formula

If O is a binary sentential operator and ¢
and y are formulas, then (¢Oy) is a formula

If U is a quantifier, x a variable, and ¢a

formula, then Ux¢is a formula.

Figure 10.1
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The calculus of classical predicate logic, built atop of this bare language,
is an extension of that of classical propositional logic. What we must add,
first and foremost, are the rules (VE) and (Gen+). In the Hilbertian variant
we usually present (VE) in the internalized form, namely as an axiom

(VE) Vx$ — p[alx].

(Gen+), on the other hand, cannot be internalized (for the reasons dis-
cussed previously) so we have

(Gen+) ¢ F—Vxo.

Therefore, in the Hilbertian calculus we also need the relativization of
this rule, which is

(RGen+) (W —¢)—> (W —Vxg).
However, what this would yield is the internalization of (Gen+); that is,
d—o>Vxgp,

which we do not want. So we need to restrict (RGen+) to “innocent”
cases, which are usually taken to be the cases when x is not free in y.
However, even in such a case we can derive the internalization of (Gen+),
namely if we instantiate w as a logical truth (for in such a case y—¢
would become equivalent with ¢). A solution is to universally quantify
the antecedent of (RGen+) (which, given (VE) and (Gen+), which make
Vx(y—¢) interderivable with y—g, is obviously equivalent to (RGen+)):

(RGent*)  Vx(y—¢)>y >Vxd).

In the calculi of natural deduction, the introduction and elimination
rules for V usually look as follows:

(VE) Vx¢—¢[alx]
(VI)  ¢l—Vx¢[x/a], if a does not occur in any formula on
which ¢ depends.

The notion of dependence, invoked in (VI), restricts the possibility of
adding V¢[x/a] to an existing derivation of ¢. For example, if I derive P(a)
from P(a) and then use (—I) to derive P(a)—>P(a), then this derivation has
no premises, that is, P(a)—>P(a) does not depend on anything, so I can go
on applying (VI) and derive Vx(P(x)—P(x)). On the other hand, if I derive
P(a) from the premises Q(a) and Vx(Q(x)—P(x)), then it depends on the
assumption Q(a) that contains @, hence I cannot go on deriving VxP(x).



102 Calculi of Predicate Logic

The logical constant =, which is usually considered an integral part of
the language of predicate logic, deserves special attention. Aside from
quantifiers, it is the sole, new logical constant that the language of predi-
cate calculi usually has over and above the sentential operators (though
versions of predicate calculi without it are also possible, only they are
usually considered much less interesting). Consider the argument

Fido is a dog
Rex is a dog
There are (at least) two dogs.

Hilbertian calculus
(A) g=>(y=>(ny))  (AED) (dap)—>¢ (AE2') (drp)—>w
(VIT") g=>(gv ) (VI2') y—=>(pvy)
(VE) (#=>)>((y=>)>((dvw)—>9)
(=1 ¢>(y—>9) (22) (= (p=>))>(F>w)—>(4>9)
(=E) p=>(=g>y) () (> p)—>(¢>-w)—>—9)
(=1) Vx(x=x) (=2) VxVp(x=p)rd)—>dly/x]
(VE') Vxgsdlaix] @) fak]->3xd
(RGent+*) Vx($—> y)—>(¢—>Vxy), where x is not free in ¢

(V3) Vx(¢—> p)—>(3xd— y), where x is not free in y
(MP) gy, ¢ = v (Gen+) ¢ |—Vx¢

Gentzenian calculus
WD gy b=gry CED gy f=¢  (AEQ) gry =y
(V1) ¢ = gvy V) v = gvy
OELgl=& Ny =6y =4

DLyl 1oy B gy gy

(CURAETE Sl Tl e e N A C DT R A

(=) a=a (=E) a=b, ¢ |— dlb/a]

(VD) ¢ I— Vx¢{x/a], where a does not occur in any formula on which ¢
depends

(VE) Vx¢ |— dlax] @0 dai] F-3xg

(3E) da/x] I— v/l xg I— w, where a does not occur in y and any formula
on which y depends other than ¢

Figure 10.2
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Is it correct? Well, it may seem so, but, strictly speaking, we can infer the
conclusion from the premises only if Rex is not merely a different name
for Fido — that is, in the case that Rex is a different individual from Fido.
Thus, the correct form of the argument would be

Fido is a dog

Rex is a dog

Rex is not Fido

There are (at least) two dogs.

And to regiment the third premise we need the operator =.

In general, the constant enhances the “expressive power” of the lan-
guage in a significant way. Consider the quantifier there are (at least) two,
which occurs in the conclusion of the previous argument and which we
may regiment as 3,. As indicated by the previous example, with the help
of = we can define it in terms of the standard quantifier:

EIZxF[x] =pe 3xdy (F[x]/\F[y]/\—'(x = y))

This is not possible without the help of =.

10.2 “Expressive Power” of Predicate Languages

It is clear that the expressive power of predicate logics, that is the pos-
sibilities they offer us in respect to regimentation and formalization of
natural language arguments, is significantly greater than those of propo-
sitional ones. Of the arguments listed in §2.2 they allow us to articulate
the common logical form of (A2) and (A3) (see §2.2), namely

(LFA3)  P(a)
Vx(P(x)—>O(x))
O(a).

Besides this, they also allow us to analyze a lot of natural language locu-
tions that are far beyond the possibilities of propositional languages.

And yet their “expressive power” remains limited. The structure of
the language of predicate logic is still incomparably simpler than those
of natural languages: the few categories of expressions on which this lan-
guage is based are no match for the syntactic wealth of natural languages.
Additionally, there may be other natural language candidates for logical
expressions of the kind that go beyond the framework of this language.
This may again lead us, like in the case of propositional logic, to ponder-
ing both the modifications and the extensions of the standard language
and calculi of predicate logic.
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In the case of propositional languages, we considered a lot of modi-
fications and extensions of sentential operators — that is, of the logical
operators on which these calculi are based. The surplus logical operators
of predicate logic are the quantifiers: can we therefore consider modify-
ing the existing ones, or adding more of them?

Due to the fact that quantifiers, as logical constants, do not regiment
their natural language counterparts in a similarly direct way as sentential
operators regiment connectives and other elements of natural language,
we must first clarify what it is they relate to “most directly” in natu-
ral language. We have noticed that what we can see as “quantifiers” in
natural language are expressions like every, some, etc., which, in English,
associate with predicate expressions to form subject expressions.

It is important to realize that, however straightforward it may come to
us to formalize (A3) as (LFA3), it already presupposes a nontrivial skill
of “logical analysis,” for, to formalize

All dogs are animals
as
Vx(P(x)>Q(x)),
or, for that matter,
Some dogs are animals

as

Fx(P(x)AQ(x)),

is not just a matter of replacing logical expressions by constants and extra-
logical ones by parameters. (Note that we must engage more logical con-
stants, — in the first case and A in the second, to relate the logical quantifiers
to their natural language counterparts.) It was Russell who indicated how
the “logical analysis” of such sentences should be carried out and initiated
us into the art, which we nowadays take almost for granted.

Given this correspondence between the quantified sentences of natu-
ral language and their logical formalizations, we may think about other
quantificational phrases of natural language. Consider the celebrated
regimentation of “definite descriptions” proposed by Russell (1905). As
it seems that a sentence of the form Some P is O says something very
similar as its variant in which some is replaced by the indefinite article a,
we can see its analysis in terms of 3 as also an analysis of the article; and
we may come to ponder the definite one, namely the analysis of sentences
of the shape The P is Q.
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As Russell’s analysis suggests, what this sentence does say over and
above Some P is Q is that there is one and only one P. Hence, if we intro-
duce a new quantifier, 3!, such that 3!xP(x) amounts to There is one and
only one individual that is P, we seem to be able to analyze

The P is Q
as
X)AO(x))AT xP(x).

However, Russell also showed how to achieve this by the standard quan-
tifiers of predicate logic, namely as

INQx)AVY(P(y)=>(y = x))),

hence showing how to reduce 3! to the logical constants we standardly have.

In this way, with the language of predicate logic, logical analysis
became not merely the replacing of the logical words of natural language
by logical constants and other words by parameters, but rather a very
creative art that can lead us from a natural language sentence with a syn-
tactic form to a sentence of a formal language with a very different form.
As a consequence, there appeared the question whether we need a richer
language, or only enough ingenuity to analyze anything in terms of the
austere language of the standard predicate logic.

In this way, logic started to move away from what we were talking
about as direct regimentation. While originally logical regimentation
looked like a more or less “piece-for-piece matter” (we take parts of the
analyzed sentence or argument and replace some words or phrases by
logical constants and others by parameters), when we look at what is
practiced under the heading of “logical analysis” by Russell and his fol-
lowers we see that it is often very far from a piece-for-piece replacement.
Logical constants are no longer understood as straightforward proxies
for logical expressions of natural language but as parts of a toolbox that
we use to articulate logical forms, forms that may be far removed from
the surface forms of the sentences and arguments that they formalize.!

Given this character of logical analysis, it was no longer clear that the
poverty of the grammar of the language of predicate logic, vis-a-vis that
of natural languages, should be seen as a problem. This is not to say that

1. What becomes important here are some criteria of logical analysis, as in criteria deter-
mining what is an acceptable regimentation and what is not; or at least what is a better
regimentation than something else. Surprisingly, such criteria are given very little atten-
tion in the literature — with the notable exception of Brun (2003). See also Peregrin and
Svoboda (2013, 2017).
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various ways of enriching it were not still being proposed and considered,
but it was not clear that the need for this was really urgent.

Consider a few relatively simple arguments that do not seem to be
straightforwardly formalizable by the means of standard predicate logic:

(A11) John is brave
Peter is brave
John and Peter share a property

(A12) John is brave
Bravery is laudable
John has a laudable property

(A13) John runs quickly
John runs.

Take (A11). Its conclusion, at least taken at face value, seems to require
predicate variables and quantifiers binding them because the straightfor-
ward capturing of its logical form would seem to be

(LFA11) P(a)
P(b)

3p(pla) A p(b)).

This, needless to say, goes beyond the resources offered by the language
of first-order predicate logic.

Considering (A12), we see that to regiment it straightforwardly we
seem to also need, over and above what is given, a “second-order” pred-
icate; that is, a predicate which forms a sentence with a “first-order”
predicate instead of with a subject. Thus,

(LFA12) P(a)

R(P)

Ip(pla)AR(p)).
And it seems that nothing stands in the way of extending the language of
predicate logic by adding such means.

As for (A13), what seems to make it correct is that we have adverbs that
take a predicate to another predicate and that they are “restrictive” in the
sense that whatever the new predicate applies to, the old one also did so:
(LFA13) (R(P))(a)

P(a)
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But, needless to say, the language of predicate logic does not offer us
any expression that would take predicates to predicates.

We can certainly extend predicate logic by all of these means (and we
will discuss this in detail in the upcoming sections). However, due to the
development sketched out previously, we also have an alternative pos-
sibility: namely, to use the modest means of standard predicate logic in a
creative way to account for cases like this in an indirect way. As for the
first and second arguments, we may have something like

(LFA11) Has(a,c)

Has (b, ¢)
Ix(Has (a, x)AHas (b, x)),

(LFA12')  Has(a,b)
R(b)
Ix(R (x)AHas(a, x)),

where Has is a logical (?) constant expressing, informally, the relation
which connects an individual and a property if the former has the latter.
(This, of course, presupposes that we “emulate” predicates by means of
subjects.) Providing an alternative, first-order logical form for (A13), we
may take an inspiration from Davidson (1967) and assume that what
the sentence Johns runs quickly talks about is an event of running, the
protagonist of which is John and which is quick:

(LFA13’) Jde(Ev(e)APr(e,a)AP(e)AR(e))
de(Ev(e)APr(e,a)AP (e)).

10.3 Higher-Order Logic

The examples discussed in the previous section indicate that we might
need quantification not only of subjects but also of predicates; and that
we also may need predicates predicable of predicates, rather than sub-
jects. And indeed it might seem that there is no deep reason to restrict
quantification to subjects, that we may also introduce variables for predi-
cates and let quantifiers bind them.

We get the second-order predicate calculus if we add, to the language
of the first-order predicate calculus, variables of each of the category of

n-ary predicates (P, . .o Pl e e e s Pos e e s Doy e e e D e s DTy e )y
plus the rule (where we use p as a metasymbol for predicate variables):

If U is a quantifier, p a predicate variable, and ¢ a formula, then Up¢
is a formula.
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In this way, we will be able to form formulas of the kind of

Ip(plaap(b)),

which allows for the articulation of (LFA13) and hence for the straight-
forward regimentation of (A13).
Another, deeper example of a useful second-order formula would be

VxVy((x = y)Vp(p(x)=py)).

This particular formula is a direct regimentation of the so-called Leib-
niz principle, claiming that two objects are identical iff they share the
same properties.”

Let us consider one more second-order formula which may appear very
useful, especially within the context of mathematics, and this is the for-
mula expressing Dedekind’s definition of the infinity of a range of items.?
According to the definition, the range is infinite iff it can be mapped, by
a one-to-one function, on its own proper part. The second-order formula
that expresses this property of the extension of the predicate P can be
articulated in the following way:

Ip(VxIy(p(x, y)AVz(p(x,2) = (y =2)))AVxVYVz((p(x,2) = p(y,2))
— (x=y))AVXVy((P(x)A p(x,y)) = P(y)AFY(P(y) AVxV2(P(x)A plx, 2)
—>—=(z=y))).

To explain the content of this cumbersome formula, notice that the
outermost bracket, after the quantifier, 3p, contains four conjuncts. Their
respective content is the following:

e the formula Vx3y(p(x,y) A Vz(p(x,2)—>(y=z))) states that p is a func-
tion (that is, for every x there exists one and only one y so that
p(x,y));

e the formula VxVyVz((p(x,z)=p(y,2))—>(x=y)) states that the function
expressed by p is one-to-one (that is, for every y from its range there
exists one and only one x so that p(x,y);

e the formula VxVy((P(x) Ap(x,y))—>P(y)) states that p maps the exten-
sion of P on itself;

e the formula Jy(P(y) A VxVz(P(x) Ap(x,2)—>—(z=y)) states there is an
object that is P and that is the value of p for no argument.

Having now introduced predicate variables, we might also think about
introducing second-order predicates that form sentences not with subjects

2. See Rodriguez-Pereyra (1999).
3. See Dotterer (1918).
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but rather with first-order predicates, so that we could also straightfor-
wardly formalize (A14) as (LFA14).

The rules for second-order quantification are straightforward ana-
logues of those for first-order ones; but consider the elimination one

Vpp = [P/p].

On the right hand side, what we can substitute for the variable p
are predicate words. As a matter of fact, we saw that in the predicate
calculus we have much more predicate-like expressions — namely, open
formulas — that can be taken as “pseudopredicates.” If our language con-
tained lambda-abstraction, then everything would be easier as all such
“pseudopredicates” could be turned into predicates proper. A variant
would be to generalize the elimination rule so that p can be replaced,
in the suitable way, by any formula with an appropriate number of free
variables.

Vocabulary:

The same as that of the language of first-order logic adding

N-ary predicate variables (for every n): p"1, p™2, ...;

Syntactic rules:
Delimitation of sentences
The same as that of the language of first-

like in the first-order case order logic adding;

An n-ary predicate term or an n-ary
predicate variable is an n-ary predicate

If U is a quantifier, p a predicate variable,
and ¢a formula, then Up¢is a formula.

Hilbertian calculus
The same as that of the language of first-order logic, adding
Vpp>d Pl HPpl->3pd
Vp(¢—> w)—>(¢—>Vpy), where p is not free in ¢
Vp(¢—> w)—>(3p ¢ y), where p is not free in y
¢ |=vp¢
and replacing the axioms for = by

V(=) < Vp(p(x)<p()))

Figure 10.3
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10.4 Categorial Grammar and Lambda-Categorial
Grammar

The idea behind introducing second-order predicates was that we can not
only have predicates that form a sentence together with (one or more)
subjects, but that we can also have ones that form sentences together with
(first-order) predicates. But then we can go further and ask: why cannot
we have predicates (or “predicates”?) that form sentences together with
still other kinds of expressions — with sentences, for example? And when
we pose the question in this way, we can see that in fact we already
do have such expressions in the form of sentential operators. A unary
sentential operator, for example, is precisely an expression that forms a
sentence together with a sentence.

But we can keep on asking: If we have, for every category (or cat-
egories) of expressions, a “predicate” which forms a sentence together
with the expression(s) of that category (or categories), why could we
not have, for every category (or categories) of expressions, a “predicate”
which forms an expression of a given category (not necessarily a sen-
tence) together with the expression(s) of that category (or categories)? In
particular, when we have syntactic categories X and Y, why cannot we
always have a category of expressions, denote it as X/Y, the expressions
of which form an expression of the category X together with an expres-
sion of the category Y? Or, even more generally, a category X/Y,,...,Y,,
the expressions of which form an expression of the category X together
with expressions of the respective categories Yy, ...,Y,? And such con-
siderations lead us to what is usually called categorial grammar.*

Note that categorial grammar is not a language but a type of language.
We then get specific languages of this type by fixing the collection of basic
categories and the vocabulary. A categorial language based on the basic
categories By, . . ., B, is defined in the following way:

e categories: By, ..., B, are categories; and if X|, ..., X,,, Y are cat-
egories, then so is Y/X,, ... ,X,,

e vocabulary: there are elementary expressions (words) of some of the
categories;

e gyntactical rules: if E,, . .., E,, E are expressions of the respective
categories Xy, ..., X,, Y/X,,...,X,,then E(E,, ... E,) is an expres-
sion of the category Y.

The language of propositional logic can be considered as such a cate-
gorial language, based on the single category S (of sentences). Unary sen-
tential operators are then seen as expressions of the category S/S, whereas
binary ones as those of the category S/S,S.

4. The idea goes back to Ajdukiewicz (1935) and Bar-Hillel (1950). See Oehrle et al. (1988).
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We can even make categorial grammar much more flexible if we extend it
by the rule of lambda-abstraction that we mentioned previously. Thus, what
is called lambda-categorial grammar’ is categorial grammar with variables
added to every category and with the following additional kind of rule:

e if Eisan expression of the category Y, and x,, . . ., x,, are variables of
the respective categories X, . . ., X,,, then Ax, ... x,,E is an expres-
sion of the category Y/X,, ... ,X,.

We assume that there is a kind of equivalence defined among expressions
of a language of lambda-categorial grammar (in our case it is <), and we
further stipulate

(Axy...x,E)E,,..., E,)is equivalent with E[E//x,, ..., E, /x,,].

This is called the rule of lambda-conversion.

Lambda-categorial languages are very general, with a relatively flexible
structure. The language of predicate logic can be seen as a lambda-categorial
language based on two categories, namely S of sentences and T of subjects.
Are there still some languages that do not fit into this framework?

Suppose we have a language with the categories C and C' and we want
to have two syntactic rules — R,, which maps C and C’ on C, and R,,
which maps C and C' on C'. To fit R, into the categorial framework, we
would have to make C’ into C/C. And then there would be no way of fit-
ting R,. What might come to mind is making the framework even more
general by simply abolishing the categories and letting any expression be
combinable with any other.

If we add the rule of lambda-abstraction to such a relaxed language,
what we have is lambda-calculus in its original, type-free form.® But the
unrestricted generality of languages of this kind may bring about some
complications, at least when we want to use them for logical purposes.
Suppose we have this kind of language which contains negation, —, and
also logical equivalence, <>, which acts as the kind of equivalence among
sentences occurring in the definition of lambda-abstraction. Then we can
take a variable x and form the expression Ax—x(x). Call this expression
x* and form the expression x*(x*). Given the definition of x*, it is equiv-
alent to (Ax—x(x))(x*), and using the rule of lambda conversion, we get
that it is equivalent with —x *(x*). Thus, x™* (x*)<>—x *(x ).

There is a useful way to simplify lambda-categorial grammar — namely,
getting rid of all types Y/X,, . .. ,X,, for m>1. The point is that any
function that takes more than one argument can be “emulated” by a
function taking the arguments one after another; therefore, instead of

5. See Cresswell (1973).
6. While lambda calculus was first introduced as a type-free calculus (Church, 1941; Baren-
dregt, 1980), here we will mostly be interested in its typed-variant (Barendregt, 1992).
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an expression E of the category Y/X,, . .., X,,, we can have E* of the
category (. .. (Y/X,)/. . ./X,) such that

E(Ey,...,E,)=(-.. (E*(E))...)(E)-

Thus, for example, instead of A of the category S/S,S, we will have A*
of the category (S/S)/S so that

Ais §2) = (A7 (1))(02).

Then, both kinds of rules constitutive of lambda-categorial grammar
can be reduced to the unary case:

e if E, E' are expressions of the respective categories X and Y/X, then
E'(E) is an expression of the category Y;

e if E is an expression of the category Y and x is a variable of the cat-
egory X, then AxE is an expression of the category Y/X.

Categories of expressions:

S and T are categories

if X'and Y are categories, then so is X/Y

Vocabulary:
/S Syntactic rules:
(S/S)/S: A, v, —> If E, E’are expressions of the respective categories X and
Y/X, then E (E) is an expression of the category Y
S/AS/T): 3,V
If £ is an expression of the category Y and x is a variable
Tai,..;x,... of the category X then AxE is an expression of the
(--.(S/T)../T): P"y,... category Y/X
(S/'TYT: = |
A shortcut:
we write E(E1,...,En) for (...(E(E1))...)(En)

Hilbertian calculus
The standard axioms plus

(ME')E) <> E1E/X]

Figure 10.4
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10.5 New Constants?

We have seen that propositional logic is usually based on the core opera-
tors, and that we can add a lot of other ones to them. All these constants,
of course, can be imported into predicate logic; so that we will have,
for example, modal predicate logic and, for that matter, a lot of modal
predicate logics.

Some new problems may arise out of the interaction between the sen-
tential operators and quantifiers. Thus, for example, in the case of modal
propositional logic it is not clear what the relationship between formulas
such as JVxP(x) and Vx[JP(x) should be. If it is necessary that every-
thing is P, is everything necessarily P? And, conversely, if everything is
necessarily P, is it necessary that everything is P?’

What can be called the core operators of predicate logic are, aside from
the core operators of propositional logic, the two quantifiers V and 3 (or
maybe only one of them, for the other is usually considered as reducible
to it) and possibly =. Can we add some new quantifiers to extend this
collection? It turns out that a whole lot of quantifiers can be reduced to
V or 3.

Take, for example, the quantifier there is exactly one, which we have
denoted as 3!. We saw that Russell rendered it, in effect, as reducible to
the standard quantifier in the following way:

Axg[x] © IxP[x]AVy[y]>(x = y)).

We can similarly define quantifiers like there is exactly n, there is more
than n, there is at most n, etc.®t

Let us consider a quantifier that is often presented as an example of
one that is not reducible to the core ones, the quantifier infinitely many.
Let us denote it as 3,, so that 3,xP(x) will be there exist infinitely many
P’s. The thing is that this sentence is not inferable from any finite set of
sentences, though it may appear to be inferable from some infinite sets.
And because in standard predicate logic there is no room for this possibil-
ity, no such sentence can exist within its framework.

However, how would we define such a quantifier and how could we
delimit its inferential role? It is clear that to introduce it, we would need
an infinite number of premises, such as P(a,), P(a,), a,#a,, P(a;), as#a,
as#a,, . . . . But this is what we cannot have — an argument, by our defini-
tion, has only a finite number of premises. This shows that a quantifier
like 3, not only cannot be defined within first-order predicate logic, it is
hard to imagine that it could be part of any calculus whatsoever.

7. These problems were first discussed by Barcan (1946).
8. See van Benthem (1984).
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Can we perhaps think about new logical constants other than quanti-
fiers? We can, so let us consider some examples.

Russell introduced the iota inversum operator 1, which was meant as
a counterpart of the English definite article. It was governed by the fol-
lowing equivalence

OQ(xP(x)) > Ix(P(x)AQ(x)AVy(P(y)=>(x = ))).

Maybe more interesting is Hilbert’s epsilon operator,” which perhaps
might be considered as a counterpart of the indefinite article. It is gov-
erned by the axiom

P(a)—>P(exP(x)).

It is interesting that as soon as we have this constant, we can define
both quantifiers in its terms:

3xP(x) =p;. Plex P(x))
VxP(x) =p. Plex—P(x)).

In view of the fact that, informally, we can read “exP(x)” as “some
P,” we can read the two axioms as “there is a P iff some P is P” and
“everything is P iff even some non-P is P,” respectively. (While the first
one obviously makes good sense, the other reads rather strangely — to
understand it, we must realize that the epsilon-calculus is build atop the
standard predicate calculus, and hence each of its terms denotes an indi-
vidual from the universe. If this is the case, then given that all individuals
in the universe are P’s, even ex—P(x) is bound to denote a P.)

We have a logical constant that is, syntactically, a predicate, namely =.
Are there other predicates that would be candidates for logical constants?
One such might be the predicate € of set theory, which has been tradi-
tionally considered as an integral part of logic.

10.6 Truth and Go6del Again

A predicate which may aspire to the status of logical constant is the
(unary) predicate of truth. Which are the axioms to govern this predi-
cate? Since the time of Tarski'® it is commonly accepted that Tr is a truth
predicate in a language L iff for every sentence ¢ of L it holds that (where
<¢> is a name of the formula ¢):

¢ = Tr(<¢>) Tr(<¢p>)t— ¢

9. See Zach (2003).
10. See Tarski (1932, 1944).
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However, as Tarski also shows, this predicate simply cannot be admit-
ted into certain languages. If we take the formalized language of PA,
then the predicate Tr can be part of the language only at the cost of the
language being contradictory. To explain this, let us present some results
Godel achieved in the course of the proof of the incompleteness of arith-
metic; this will also help us to explain the proof in greater detail.

The first thing that Godel showed was that we can enumerate the for-
mulas of the language of PA (or, for that matter, any language we artifi-
cially produce in terms of definitions); which is to say that we can define
an algorithm which assigns, to every formula, a unique natural number so
that the formula can be recovered from the number assigned to it. But as
the language of PA deals with natural numbers, we can see it as dealing —
indirectly — with its own formulas, via their numbers. Thus, if we have an
arithmetical operation, which takes the numbers 72, and 7, into a number
715, We can see it as an operation that takes the formulas with the respec-
tive numbers 7, and #, to that with the number 7,.

A second thing Godel showed has come to be called the fix-point
lemma. Tt says that if y[x] is a formula of arithmetic with the single free
variable x, then there is a sentence ¢, such that (where <¢> now is a spe-
cific name of ¢, namely its Godel number)

¢ F=vli<e,>] vi<¢,>] =4,

It follows that if Tr, governed by the previous axioms, is part of the
language of PA, we have the formula ¢_g, such that

¢ﬁTr l_ —Tr [<¢ﬁTr>] —|T1’ <¢ﬁTr }_ ¢ﬁTr

But as, at the same time,

¢ﬁTr l_ Tr [<¢ ﬁTr>] < ¢ﬁTr l_ ¢ﬁTr b

it follows that —Tr[<¢_;, >|F— Tr[<¢_1,>] and Tr[<d_;, >|F——Tr{<d 1, >];
hence, that the language is contradictory. It follows that if the language
of PA is not to be contradictory, it cannot contain Tr — which is what is
sometimes called Tarski’s theorem.!!

Let us now return to Godel’s proof, which meant such a turning point
in the history of modern logic and which we can now lay out in greater
detail. Godel enters the scene one last time, showing us that arithmetic
contains a formula Pr[x] such that it (provably) holds of all numbers of
provable formulas;'? that is, that

— Pri<¢>] if — ¢.

11. See Boolos et al. (2002, p. 223).
12. In fact, we consider an improved version of the predicate, due to Rosser (1936), which
allows us to get rid of one more assumption that Godel needed.
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Given this, it follows from the fix point lemma that we have the sen-
tence S_p, such that

¢ﬁPr |_ —Pr (< ¢ﬁPr>) —Pr (< ¢ﬁPr >) }_ ¢ﬁPr .
It follows that if |— ¢_,, then both

F—Pr(<¢_p,>) and |——Pr (<¢_p,>).

In a somewhat more complicated way, it is also possible to show that
the assumption that — —¢_,, leads to the same result.”* Hence, both
¢ » and — —¢_,, lead to contradiction, and ¢ _,, is the sentence
that we denoted as G in §7.2. Hence, if the calculus is consistent, the
sentence must be neither provable nor refutable. This is how Godel
showed that in the case of some formalized languages, in particular
the language of PA, we cannot attain deductive completeness, which
revealed a crucial limitation of logical calculi.

13. See Smith (2013, §25.3).



11 From Calculi to Formal
Semantics

11.1 Can We Calculize Following-From?

The original idea behind logical calculi was straightforward: to capture,
and thus to make calculable, what follows from what. Nobody seemed to
have any doubt that this was a task that could be accomplished; perhaps
also because it seemed obvious that what followed from what was itself
a matter of some tacit rules of inference that we only needed to bring to
light. However, this idea was to a great extent devastated by Godel and
Tarski in the 1930s.

We saw that Godel (1931) showed that however we fine-tune a cal-
culus for the language of PA, we cannot make it deductively complete
(unless we make it contradictory). However, it seemed that every sen-
tence of the language must be true or false, and that this is so because it
has the meaning it has, which is in turn because this meaning is conferred
on it by the axioms of PA. Hence, there seemed to be sentences that
follow from other sentences (the axioms) without being inferable from
them.! And, moreover, this appeared to be a matter of principle, not just
a consequence of our imperfect way of setting up the calculus.

Parallel with this, Tarski (1936) came up with a different objection.
There may be cases where a sentence follows from an infinite number of
other sentences without following from any of its finite subsets. Thus, for
example the conclusion that all natural numbers have a property appears
to follow from the infinite number of premises assigning the property
to each individual number. If this is the case, then inference can never
capture following-from, for our arguments are bound to have a finite
number of premises.

1. The distinction between first-order and second-order predicate logic established in the
second quarter of the twentieth century (Moore, 1980) opened up an alternative escape
route: claiming that first-order arithmetic is not categorical, hence that its semantics is
not unique and that therefore there are sentences that are not uniquely true or false. See
§15.5.
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Let us call a property of infinite sets compact if an infinite set can have
it only if it contains a finite subset that also has it. Then Tarski’s argument
appears to indicate that the relation of following-from is not compact in
the sense that the property a set of sentences from which a given sentence
follows need not be compact.

This brought Tarski to the idea that to capture following-from adequately
we need some means more powerful than those which are offered by cal-
culi. And Tarski’s idea was that we could perhaps help ourselves to more
powerful tools if we managed to logically capture the concept of #ruth and
consequently some other concepts more or less related to truth, such as con-
sequence, satisfaction (which was not so much a pre-theoretical concept as
Tarski’s own creation), and semantic concepts such as denotation.

This step was considered revolutionary since most logicians before
Tarski were convinced that such concepts were beyond the direct reach
of logic, that the notion of consequence could be at best approximated by
the theoretical notion of inference and that the concept of truth could be
at best approximated as inference from an empty sequence of premises.
Therefore, Carnap characterized his first encounter with Tarski’s ideas as
“scales falling from his eyes.”?

We have already seen that the pre-theoretical following-from is often
understood as truth-preservation, or something close to it. From this
viewpoint, capturing it in terms of a calculus or rules of inference might
seem like an account that is indirect; whereas an approach that could be
based directly on a logical capturing of the concept of truth appeared to
promise a direct account, an account where there could not be the gap
that Godel and Tarski discovered in between following-from and infer-
ence as produced by calculi.

11.2 “Syntax” vs. “Semantics”?

The situation is often depicted in terms of the distinction between syntax
and semantics. The problem with calculi, it is often suggested, is that they
remain on the level of syntax while the important things in language,
including following-from, happen on the level of semantics — so if logic
is to produce a really adequate formalization of language, then it clearly
cannot but go to the level of semantics.

I am afraid that this story can be so deeply misleading — and in more
than one way — that it is crucial to disentangle its complexities. The first
of these is the very opposition between the concepts of syntax and seman-
tics upon which it is based.

Intuitively, the distinction between syntax and semantics is that which
stands between the properties that expressions possess merely due to

2. See Coffa (1991, p. 304).
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their form and those that they possess due to their “content” (whatever
the “content” is supposed to be). When you study a natural language,
your study can be divided into (i) the problem of which expressions con-
stitute the language and (ii) the problem as to what their meaning is — (i)
is a matter of syntax, while (ii) is a matter of semantics.? From this intui-
tive viewpoint, it seems obvious that if we want to study the correctness
of arguments we cannot remain on the level of syntax, for the fact that
something can follow from something else only by the force of its mean-
ing appears to go without saying.

Note, however, that on this level the contrast between syntax and
semantics is independent of what we think meaning is. Many philoso-
phers think that the meaning of an expression is a matter of what is
represented by the expression, but there are others who think it is rather
a matter of how the expression is used; and the concept of semantics
hinted at previously is neutral enough to accommodate both of these
approaches.

However, the concepts of syntax and semantics that are in play when
these terms are used within logic are often not just the intuitive ones men-
tioned previously but rather their modifications as produced by Carnap.
Carnap (1942) took for granted that expressions are signs that repre-
sent their meanings, he therefore defined semantics as the theory of the
relationship between expressions and their “designata.” In contrast to
this, he defined syntax as the theory of relationships among expressions
themselves (p. 8):

An investigation of a language belongs to pragmatics if explicit refer-
ence to a speaker is made, it belongs to semantics if designata but not
speakers are referred to, it belongs to syntax if neither speakers nor
designata but only expressions are dealt with.

The trouble is that seen in this way, following-from, and its theoreti-
cal counterparts like inference or consequence, fall on the side of syntax:
indeed, they are clear examples of relationships among expressions.

True, we may be able to delimit a relationship coextensive with the
relation of following-from in purely syntactical terms without mention-
ing any semantic property — but this possibility exists for almost any
kind of property or relation. We might well be able to delimit, purely
syntactically, the set of all (and only) true sentences of a language (we
can even imagine that, by a strange coincidence, it will be just those
sentences which have some relatively simple syntactic property); and
we certainly would not want to say that therefore truth is a syntactic

property.

3. See also Peregrin (1999).
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From this viewpoint, calculi cannot be seen as syntactic matters: they
are models of the relation of following-from, which, by its nature, is not
syntactic. Thus, relations that are classified as syntactic from the Carna-
pian viewpoint may not really be syntactic in the intuitive sense. But there
is also the converse problem: if semantics is defined in terms of designata,
then it is not clear which relations are truly semantic. Certainly not all
relations between linguistic and extralinguistic items are so — but which
kinds of entities must expressions be mapped on to make the mapping a
truly semantic relation?

Imagine some paradigmatically syntactic property, like the syntactic
category of an expression. We can certainly consider the categories as
objects and define a mapping of expressions on them. This mapping will
certainly not amount to anything semantic. Similarly, we can account for
a relation of following-from in terms of an assignment of some entities.
For example, we can map every sentence on the set of all sequences of
sentences from which the sentence follows.

It is clear that this is only following-from in a different guise, and so by
doing this we do not cross any boundary between syntax and semantics.
This indicates that the Carnapian taxonomy is problematic, both because
it can mislead us into classifying semantic relations among expressions
(like following-from) as syntactic, and because it can mislead us into clas-
sifying as semantic such mappings of expressions on extralinguistic enti-
ties that have nothing to do with semantics.

A straightforward way of delimiting following-from is defining a rela-
tion between sequences of sentences and sentences and a way of generat-
ing it from a finite basis. This is the way of a calculus. Alternatively, we
can do it in a different way: for example, define a set of mappings of sen-
tences on {0,1} which delimits a relation that preserves the value 1 (in the
sense that A follows from Ay, . . ., A, iff every mapping of the set which
maps all of A;, ..., A, on 1 also maps A on 1). These two alternative
ways may well come to the same result, and there is no reason to assume
that one of them is syntactic while the other is semantic. The relation
of following-from itself is a semantic matter, while the mechanisms of
capturing it are neither syntactic, nor semantic — they are auxiliary tools
beyond this classification.

Consider that you have two sentences, Fido je pes and Fido je savec.
You do not understand them (unless, like me, you understand Czech),
and thus you do not know whether one of them follows from the other.
Now suppose you add designations: je pes designates the set of all dogs
and je savec designates the set of all mammals, hence a superset of the
previous one. Now we know that the second sentence follows from the
first one. Moreover, we seem to know not only that this is the case but
also why it is the case.

In this way we may come to think that it is only (Carnapian) semantics
that allows us to get a real hold on following-from. But this is misleading.
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How do we know that the set of dogs is included in the set of mammals?
We certainly have not checked the sets (of course we do not know all
their members!) — what we know is that

ais a dog
a is a mammal

is a valid argument scheme.

How do we know this? Well, we understand the words and hence know
their inferential roles. Thus, knowing extensions derives from knowing
inferential roles, not vice versa.

So the situation is such that we know what follows from what (for
we understand the language), and we try to articulate the corresponding
criteria in various ways, in terms of the calculi we discussed in the previ-
ous sections or in terms of systems of formal semantics we are going to
discuss in the upcoming ones. The difference between these two kinds
of articulation has little to do with the distinction between syntax and
semantics.

11.3 Calculi vs. Formal Semantics

The switch from calculi, as the basic tool of accounting for following-
from, to systems of formal semantics is a significant one. However, this
significance can be understood in more than one way.

One way to understand it is in the way that we rejected in the previ-
ous section — to see it as a move away from methods based merely on
the surfaces of expressions (“syntax”) and those based on their meanings
(“semantics”). As the semantics of the expressions of our languages is a
matter of their links to the entities of the real world (the meaningful expres-
sions being essentially representations), and as formal semantics (or model
theory, how it is often called - see §13.5) deals with the links between signs
and objects, the latter is, thereby, a theory of the former. Consider the
description of the situation put forward in a recent book about the philo-
sophical aspects of model theory (Button & Walsh, 2018, p. 3):

Here is an old philosophical chestnut: How do we (even manage to)
represent the world? Our most sophisticated representations of the
world are perhaps linguistic. So a specialised — but still enormously
broad — version of this question is: How do words (even manage to)
represent things?

Enter model theory. One of the most basic ideas in model the-
ory is that a structure assigns interpretations to bits of vocabulary,
and in such a way that we can make excellent sense of the idea that
the structure makes each sentence (in that vocabulary) either true
or false. Squint slightly, and model theory seems to be providing us
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with a perfectly precise, formal way to understand certain aspects
of linguistic representation. It is no surprise at all, then, that almost
any philosophical discussion of linguistic representation, or refer-
ence, or truth, ends up invoking notions which are recognisably
model-theoretic.

On this understanding, there is an essential discontinuity between the
“syntactic” methods of calculi and the “semantics” contributed by model
theory. It may seem that only with the semantics methods do we get to
the heart of the matter.

However, there is also the possibility of understanding it in a much
more modest way: as a move from a set of methods with some limitations
to some alternative methods that overcome these limitations (though
possibly for nontrivial costs). This view is nicely articulated by Shapiro
(1998, p. 140):

[O]ne might claim that models aren’t models of anything — they are
just artifacts of the logical system. Model theory would be only an
elaborate technical device, a tool to study the deductive system. On
this view, a model-theoretic semantics only has value to the extent
that its consequence relation matches the deductive consequence
relation.

This is the understanding we pursue here.

Again, as in the case of calculi, understanding the nature of the systems
of formal semantics requires understanding their development and the
way this development responded to problems related to accounting for
following-from. There is, also, an interplay of this newer approach to
following-from and the older ones working with calculi, within which
some systems of formal semantics may bolster some already existing lan-
guages and calculi, whereas others may support languages more or less
different from those underlying calculi.

Now, there is also a new kind problem that arises when we have alter-
native accounts for following-from in the same language. There may be a
relation of inference as constituted by a calculus and a relation of conse-
quence induced by a formal semantics, which may or may not coincide.
All of this induces new kinds of philosophical problems, which we will
tackle in the rest of the book.
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12.1 Following-From as Consequence

We have already pointed out that one of the most basic intuitive ideas
behind the notion of following-from is that ¢ follows from I"iff ¢ is true
whenever all elements of I are; hence, that following-from, in essence,
is truth-preservation. (Though identifying following-from with truth-
preservation might overgenerate, for we need not consider every ¢ that
is true whenever all of I" are as following from it, for we might require,
for example, a relevance of I” for ¢, etc.) Thus, a promising approach to
following-from, alternative to its calculization, might be one that takes
this at face value.

Let us, for the time being, identify a language with the set of its sen-
tences, and call a function which maps L on the set of the two truth val-
ues a truth-valuation of L. Can we explicate following-from in terms of
truth-valuations? Note that, in respect to a natural language, it will not
be possible to pin down its definite truth-valuation — not only because to
know all the truth values would mean to be omniscient, but because the
truth values of many sentences are indeterminate or they change quite
rapidly. The truth value of a sentence like I# is raining outside is not deter-
mined merely by the semantics of the language and is thus not a subject
matter of logic.

Logic, as Frege (1918) stressed, does not focus directly on truth but
on the laws of truth. Thus, the truth value of a sentence is of interest for
logic only insofar as it pertains to the sentence as a matter of “law” —
hence, if it is constant (the sentence is necessarily true or false). More
generally, logic is interested in constant dependencies of truth values in
cases where a sentence always has the same definite truth value when
other sentences have certain definite truth values.

All such truth-dependencies can be seen as restrictions on acceptable
truth-valuations. From the viewpoint of logic, a language is thus equipped
with a delimitation of the space of acceptable truth-valuations. Then we
can say that ¢ follows from I iff every acceptable truth-valuation that
maps all elements of /" on 1 also maps ¢ on 1.
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It is obvious that this approach works very well for classical proposi-
tional logic: we can delimit the space of acceptable truth-valuations by
means of the well-known truth tables so that it yields the same relation
as the standard calculus. Of course, the point of the semantic method is
to go beyond calculi, which does not happen here. We will have to look
at more complicated calculi to see how it fares.

Let us note that even though Tarski is often considered to be the inventor
of the kind of “formal semantics” that was yielded by these investigations,
by no means was it the case that all the ideas that made up this theory were
new. Some of them — for example, the idea that predicates should be seen
as denoting functions ranging from the universe to truth values — were, in
so many words, already put forward by Frege. Besides this, there was the
“algebraic tradition in logic” (Schroder, Lowenheim, Skolem, etc.), the pro-
ponents of which tended to assume a kind of “semantic” standpoint quite
naturally and who thus solved some important problems of formal seman-
tics before formal semantics was officially on the table. (The shining exam-
ple, of course, is the Lowenheim-Skolem theorem.)?

12.2 Spaces of Acceptable Truth-Valuations

A semantic system <L,V> is a set of sentences plus a set of truth-
valuations of the sentences; the elements of the set are called acceptable
truth-valuations. (Let us note that, as a truth-valuation is a characteristic
function of a subset of L, we can, occasionally, identify it with the set it
characterizes. Viewed thus, V is a set of subsets of L.) If S=<L,V> is a
semantic system, we define

I |=; ¢ iffv(p) = 1for every veV such that v(y) =1 for every w eI.

If I = ¢, then we will say that ¢ is an S-consequence of I'. S-consequences
of the empty sequence are called S-taurologies. (Consequence can naturally
be considered as a relation between sets of sentences and sentences. How-
ever, we can also view it as a relation between sequences of sentences and
sentences, to make it of the same kind as the inference considered previ-
ously. Where no misunderstanding is likely, we will fluctuate between the
two views.)

Let us call a set plus a relation of inference over it an inferential struc-
ture. Then, as it is obvious that = is an inferential relation over L, every
semantic system determines an inferential structure, namely the structure
<L, = >. This structure will be called the inferential structure of S. On
the other hand, every inferential structure determines a semantic system.
We can see this when we consider any argument I }— ¢ as excluding
certain truth-valuations, namely those which map all elements of 7" on 1

1. See Grattan-Guinness (2000).
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while mapping ¢ on 0. Then an inferential structure <L, —> determines
the semantic system <L, V> such that V is the set of all those valuations
which are not excluded by any argument of |—.

Given this, there might seem to be a straightforward correspondence
between inferential structures and semantic systems. Any inferential
structure determines a semantic system and any semantic system deter-
mines an inferential structure. Are these relationships inverse to each
other, which is to say, is any semantic system determined by its own
inferential structure, and is every inferential structure the structure of
the semantic system it determines? Unfortunately, the situation is more
complicated.

To see this, let us consider the semantic system based on a language
that consists of the sentences A and B consisting of the valuations {A}
and {B}; hence, the system is <{A,B},{{A},{B}}>. What is the inferential
structure of the system? It is clear that the valid instances of consequence
within this system are the following ones:

A=A
A, BE=A
B =B
A, B =B.

Hence, the structure of the system is the inferential structure whose
inference relation consists of the corresponding four arguments:

A—A
A B—A
BB
A, B B.

It is readily seen that none of these arguments excludes any valuation.
In other words, this inferential structure does not determine the original
semantic system <{A,B}, {{A},{B}}> but rather the “full” system <{A,B},
{DA}L{B}L,{A,B}}>. It is also readily seen that extending the inferential
relation would not help, for let us list all the arguments that could be
added to the structure, and let us list the valuations of S that they would
exclude along with each of them:

—A <, {B}
—B I, {A}
BI—A (B
A—B (A}

We can see that no combination of the arguments is capable of exclud-
ing the valuation {A,B}; also that no combination is capable of excluding
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all possible truth- acceptable truth- acceptable truth-
valuations of the valuations of 4, B, C, D valuations of 4, B, C, D
sentences 4, B, C, D if Cis to be the if Cis to be the
conjunction of 4 and B conjunction of 4 and B;
and D is to be the
disjunction of 4 and C
A|B|C|D A|B|C|D A|B|C|D
L|1[1]1 L{1]1]1 Li1]1]1
1{1](1]0 1[1[1]0 1116
1|1](0]1 S S e A S A
1]1(0]0 16196 1 11010
1011 - L
110(1]0 - 101116
11001 1]0][0]1 1]0]0]1
110(0]0 1/0[0]0 101616
O[1|1]1 O+t L
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& without excluding either {A} or {B}. In other words, no inferential
structure determines the system <{A,B},{{A},{B}}>.

12.3 The Inferential Structures of Semantic Systems*

The considerations presented in the previous section indicate that the
relation between semantic systems and inferential structures that results
from associating a structure with the system it determines is many-one:
there may be many structures determining the same system; whereas,
on the other hand, there are systems determined by no structure. There
is, obviously, only one structure that is the structure of the system — it
is the structure whose relation of inference coincides with the relation
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of consequence of the system. The fact that there may be more struc-
tures determining the same system, then, is due to the fact that some
arguments do not exclude any valuation, and hence adding them to a
structure determining a semantic system produces a different structure
determining the same system. Only when we add all such arguments does
the structure become “saturated” and it becomes the structure of the
system. Hence, there exist arguments that are “idle” in the sense of not
excluding any valuations.

Similarly, the relation that results from associating a system with the
structure of the system is many-one, whereas there is only one system
that is determined by the structure. Again, additions of some valuations
to a system causes no change of the relation of consequence of the sys-
tem (and hence of the structure of the system), and it is only when all
such valuations are present that we gain a system that is “saturated” and
hence determined by its own structure. Thus, besides arguments that are
“idle” in that they do not exclude any valuations, there are valuations
that are “idle” in the sense that their presence/absence does not influence
the structure of the system.

Both the “idle” arguments and the “idle” valuations were character-
ized, in effect, by Hardegree (2005), who wanted to answer the question
which systems are determined by their own structures and, conversely,
which structures are the structures of the systems they determine. (This is
not directly Hardegree’s terminology but rather the result of translating
his results into our conceptual framework.) Hardegree has shown that
the former systems are those that are closed w.r.t. what he called super-
valuations of all their subsets, and the latter structures are those that are
closed w.r.t. certain closure conditions.

A supervaluation of a set of valuations V is a valuation v such that a
sentence is mapped on 1 by all elements of V if and only if it is mapped
on 1 by v. The closure conditions, which characterize those structures
that are the structures of the systems they determine, are the following:

I' |—¢if ¢is an element of I
I — ¢if I F— for every element yof an Asuch that A}— ¢.

Hardegree’s result indicates that a structure is a structure of a semantic
system iff it complies with the Gentzenian structural rules. (Here, as we
count the premises of an inference as a set, rather than a sequence, two
of the rules, namely (Con) and (Perm), are superfluous. The second of
Hardegree’s rules amounts to (Cut), whereas the first one is a general-
ized version of (Ref), which follows from the (Ref) via (Exp) and yields
(Exp) together with (Cut).) Let us call the arguments that are obtainable
from some given ones by means of the Gentzenian structural rules their
structural consequences.
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We can therefore summarize that a valuation is “idle” in the previous
sense iff it is a supervaluation of a set of admissible valuations and that
an argument is “idle” iff it is derivable, by the structural rules, from
already given arguments. One of the consequences of all of this is that
not every inferential structure is the structure of a semantic system. Let
us call an inferential relation I truth-preservational iff there is a semantic
system S so that |—; = =;. Then the following holds:

Theorem. An inferential relation is truth-preservational iff it is structural.
Proof: The direct implication is trivial; let us prove the inverse one.
Let <L,I> be an inferential structure and let I be structural. A set C of

sentences of L will be called I-closed if ¢ C for every I" and ¢ such that

all elements of I" belong to C and I'—; ¢. Let V be the set of all closed
sets of sentences of L. Then § = <L,V> is a semantic system and we will
prove that I'F— , ¢ iff "= ¢. The direct implication is straightforward: if

', ¢ and all elements of I" belong to U for some UeV, then, as U is

closed, g U. So we only have to prove the inverse implication.

Hence, let I" = ¢. This means that whenever UeV and all elements
of I'belong to U, ¢eU; that is, pe U for every U such that (i) U is closed,
and (ii) all elements of I" belong to U. As before, let 7™ be the set of
all elements constituting the sequence I" and let Cn(X) be the smallest
closed set containing X. As I obeys (Ref), I™*<Cn(I™). As it obeys (Cut),
Cn(Cn(I'*)) = Cn(I'*). This means that Cn(I™*), in the role of U, satisfies
(i) and (ii), and hence ¢ Cn(I™*). Thus, 4 |—; ¢ for some sequence 4 all of
whose members belong to I'. Due to the (Ext) and (Con), this means that
A", ¢ for some sequence A’ with the same elements as I"and hence, due
to the (Perm), I'—, ¢.

If we want a moral to be drawn from this, we may consider: as inference
is truth-preservation, it must be structural. (This would move any sub-
structural logic on a sidetrack.) However, there is an alternative moral
that might be considered: insofar as inference is structural (which we saw
is the case, for example, for inference capturing proving in mathematics),
nothing prevents us from seeing it as truth-preservation. (More precisely,
we can see it as a preservation of something, and we can call this some-
thing truth.) But we can of course also reject the whole construal of infer-
ence as preservation and, together with it, (some of) the structural rules.

Note the following point. We have stressed that for a relation of infer-
ence generated by a calculus we do not necessarily have a decision pro-
cedure, in the sense that we would be able, given an 7" and a ¢, to decide
whether ¢ is inferable from I". Yet the relation is determined at least in
this weaker sense: we can generate a list of all and only its instances, that
is, a list such that if 4 is inferable from I, then <I, > will appear, sooner
or later, on the list. Note that if a relation of inference is generated by a
semantic system, it need not be determinate even in this weak sense. This
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might raise the suspicion that the possibility of getting hold of following-
from directly, without the mediation of a calculus, may come at a price
(which need not be a bargain).

12.4 Truth-Functional Logic

There is a distinguished set of sentential operators — those which can be
seen as directly manipulating truth values and can be characterized by the
notorious truth tables. An n-ary operator can be called truth-functional
if the truth value of any output sentence which arises out of the combina-
tion of the operator with 7 input sentences is uniquely determined by the
truth values of the input sentences.

What is remarkable — though it is quite well-known, for this is one
of the first things a student of logic learns — is that there is a version of
the core operators of propositional logic such that all of them are truth-
functional. What is even more remarkable (though no less well-known)
is that this semantics fits with the calculus of classical propositional logic,
in the sense that the formulas which are valid w.r.t. the truth-functional
semantics are precisely the theorems of classical propositional logic. This
is what has raised classical logic on the pedestal of an exceptional logical
system.

We have already pointed out that though Tarskian systematic formal
semantics only entered the scene much later than the first calculi, some
semantic ideas were an integral part of the doctrine of modern logic from
its very beginning. Thus, it was not the case that there were calculi of
classical logic that were only later found to align with truth-functional
semantics; the idea that the operators should work truth-functionally
were certainly already present in the mind of many of those who devel-
oped the calculi.

We should stress that the calculus of classical logic and truth-functional
semantics fit together in the sense that the theorems of the former coin-
cide with the tautologies of the latter — it is not so that the calculus would
delimit the semantics in the sense of §12.2. Indeed, the rules of the calcu-
lus do not — and cannot - exclude all non-classical valuations; in particu-
lar, they do not exclude, for example, all valuations that map a sentence
and its negation both on 0 (we saw they cannot be excluded by any argu-
ments). We will return to this in the next section.

From the conceptual viewpoints, truth-functional semantics can be
understood in more than one way. One way is to see it as not literally a
semantics (not really trading in meanings or their approximations) and
to see it just as an apparatus capturing how truth values propagate from
simpler to more complex sentences. This is possible because every com-
plex sentence of a propositional language contains some sub-sentence(s)
and we can consider the truth value of the former as determined by the
latter (mediated by the operator which binds the sub-sentences together).
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Viewed in this way, truth-functional semantics is extraordinarily perspic-
uous; and the fact that classical propositional logic has this semantics
provides, for example, for its decidability.

However, we can construe truth-functional semantics as a semantics
in the more literal sense of the word: we can see truth values as “denota-
tions” of sentences, where the “denotations” are taken as explications or
regimentations of meanings, or of some relevant part or level thereof. We
can also then assign “denotations” to the sentential operators, namely
the corresponding truth-functions. This lets us make the denotation-
assignment compositional in a very neat way: if § is a sentence consisting
of the sub-sentences ¢,, . . . , ¢, bound together by the operator O, we
have (where || E|| is the denotation of E):

Ioll=lOldlagl,... Ie,l).

This kind of semantics is standardly called extensional, for Frege called
the truth value of a sentence its Bedeutung (“meaning”),> and Carnap
later changed this to extension.’

12.5 Inference vs. Consequence

The definition of a semantic system is a matter of determining the accept-
able truth-valuations; and a calculus, we saw, can be considered as a
means for the delimitation of such a space.* Going semantic should now
mean becoming able to delimit spaces of truth-valuations that cannot be
delimited by means of calculi.

If we start to talk about truth-valuations explicitly, are we now able
to specify every truth-valuation and every space of truth-valuations?
Certainly not. We cannot present the whole infinite set of sentences and
stipulate which value is assigned to each of them. We can still only talk
about valuations and spaces of valuations that can be described by some
finite means. Thus, a valuation that is a matter of a wholly haphazard
assignment of truth values to sentences is still beyond our ken; and so are
many sets of truth-valuations.

So even if we go semantic, we can still delimit sets of truth-valuations
only by means of some finite restrictions: especially restrictions of the
kind of if certain sentences have such and such truth values, then a cer-
tain sentence is bound to have such and such truth value. Writing |4l for

2. See Frege (1892b).
3. See Carnap (1947).
4. See Peregrin (2010a), see also Garson (2013).
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the truth value of ¢, the restrictions we use when we define the semantics
for classical propositional logic may look like the following:

if |¢| =1and |y| =1, then |¢/\l//| =1.
In general, such a restriction has the form
if|¢| =2, and ... and |¢,| =1,, then |¢ | =12,

where ¢, . . ., §, are sentential parts of ¢.

Note that this indeed lets us go beyond what we can do in terms of
arguments, for arguments can be seen, from this viewpoint, as special
cases of such restriction, in which ¢, =...=¢,=¢t=1.

There are semantic rules that are directly in this shape and which can
thus be directly transformed into arguments. This is the case of the previ-
ous rule for the conjunction, which can be directly seen as the argument

¢, v oAy

Besides them, there are semantical rules that are not directly in this
shape, but can be transformed into it. This is the case of, for example,

if ¢ | = 0, then | Ay | =0,

which is equivalent (insofar as the truth value of every sentence is either
1 or 0) to

if |pAy | =1, then|¢| =1
and can thus be captured as the argument

PAY 9.

But there are also rules that cannot be brought into the shape in
which they would amount to arguments. We saw an example concerning
negation:

if|¢|: 0, then|—|¢|=l.

How does this square with the fact that the semantic delimitation of
the classical propositional calculus, which contains these rules, is equiv-
alent to the delimitation in terms of the calculus? The fact is that the
equivalence does zot mean that the spaces of acceptable truth-valuations
delimited by the semantics and by the calculus are identical. There is, for
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example, no way of excluding all the valuations violating the previous
semantical rule for disjunction in terms of a calculus — from the view-
point of the calculus, some such valuations are acceptable.’

Despite this, the relation of consequence as delimited by the seman-
tics coincides with the relation of inference as specified by the calculus —
hence, the difference between the two spaces remains “under the sur-
face.” This means that, as far as propositional logic goes, the advance
enabled by switching from calculus to semantics is not substantial. But
this is okay, for the limitations of calculi come to the surface only at the
level of predicate logic.

5. See, e.g., Raatikainen (2008).



13 Extensional Denotational
Semantics

13.1 Truth-Valuational Semantics for Predicate Logic?

We can have a truth-functional semantics fitting together with a calcu-
lus of propositional logic, namely with classical propositional logic. (Of
course we might prefer another calculus of propositional logic for which
there is no such semantics; but the possibility of building a propositional
logic purely truth-functionally is here.) Is it possible to extend the truth-
functional notion of logic to the predicate variety?

We know that it is, as the formal semantics for the language of predi-
cate logic tends to be an integral part of logic courses. However, the
step from the truth-functional semantics of propositional logic to this
semantics is not trivial. The obvious trouble is that while, in the case
of propositional logic, we can always consider the truth value of a non-
atomic sentence as determined by the truth values of its parts (mediated
by a logical operator, as a complex sentence always consists of an opera-
tor plus a sentence or sentences), the situation is different in the case of
predicate logic. In the language of predicate logic, a quantified sentence
need not contain any (closed) sentences as its parts — hence, its truth value
cannot be generally seen as determined by those of its sub-sentences.

It would be perhaps possible to consider a quantified sentence of the
shape Uxg|[x] as containing, as its (“virtual”) parts, all sentences of the
shape ¢[. . .]. This would be of a piece with the understanding of quan-
tifiers as generalized operators: the general quantifier as a generalized
(possibly infinitistic) conjunction and the existential quantifier as a gen-
eralized (possibly infinitistic) disjunction. And it would bring about all
the problems of the approach: its infinitistic nature and also the substitu-
tional notion of quantification that it engenders.

Another possibility is to give up the idea that truth-functional semantics
can restrict itself to studying truth values and their propagation from sim-
pler to more complex sentences, and to instead switch to a more general
theory of denotation. In this case, we can go beyond truth values and con-
sider a richer repertoire of entities that might be eligible as denotations of
expressions of the language of predicate logic. What we need is for the truth
values of sentences to not necessarily be determined by the truth values of
their parts but rather by their denotations. And as we consider denotations,
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instead of merely truth values, we can do what Tarski proposed to do: we
can take the truth values of at least some sentences to be determined not only
by the denotations of their parts, and not even only by the denotations of
any other expressions of our language, but directly by the objects which are
eligible as (though in fact they need not be) denotations of the expressions.

We can see this Tarskian move as consisting of three relatively inde-
pendent upgrades on truth-functional semantics. We start from condi-
tions of the form

(*) if Ig,l=t, and . . . and l¢,|= ¢t,, where ¢, . . ., ¢, are parts of ¢, then
lpl=t;

where t,, . . ., t,, t are truth values. The first upgrade, which corresponds
to the already discussed way of taking quantifiers as infinitistic operators,

is that of releasing the “are parts of” restriction of (*) and going infinit-
istic; that is, instead of (*) we have something like

if the truth values of all sentences of the shape s are such and such,

then lgl=t;
for example,

if all the sentences of the shape P(. . .) are true, then IVxP(x)|=1;
or, somewhat more sloppily,

if IP(a)l=1 for every subject a, then IVxP(x)|=1.

The second upgrade on (*) is a step from truth values to denotations.

Instead of considering just sentential parts of ¢, we consider more general
parts, assuming that each expression has an object as its denotation. If we

write ||E|| for the denotation of E, we can have

if ||E,||=d, and . .. and ||E,||= d,, where E,, . . ., E, are parts of ¢,
then lgl=t.

Thus, we can, for example, have

if ||a|| is an individual and || P|| is a set containing the individual, then
[P(a)l=1.

Now consider combining the two upgrades, in that we plug the second
one into the first one in the following way:

if ||a|| is an individual and ||P|| is a set containing the individual for
every subject a, then [VxP(x)l=1;
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that is,
if ||a|| is an element of ||P|| for every subject a, then IVxP(x)l=1.
This can be further reformulated as

if 0 is an element of ||P|| for every denotation o of a subject, then
IVxP(x)l=1.

Now enter the third upgrade, by which we consider not only actual,
but also potential denotations, thus breaking the bounds of our current
language:

if 0 is an element of || P|| for every potential denotation o of a subject,
then [VxP(x)l=1.

Given that all the potential denotations of subjects make up what we
call the universe (of discourse), we have

if 0 is an element of ||P|| for every element o of the universe, then
IVxP(x)l=1.

Let us now have a closer look at the individual upgrades. We have
already considered the first one, that is, taking quantifiers as infinitistic
operators. The second one leads us to abandoning the idea that the truth
values of complex sentences are necessarily determined by those of their
sub-sentences, instead of which we assume that the truth value of any
sentence is determined by the denotations of its sub-expressions. This is
obviously no minor upgrade, because it necessitates the assumption that
aside from every sentence having a truth value, every expression has a
denotation; and hence it presupposes a theory of denotation. Also the
third upgrade is substantial — it leads us to abandoning the whole idea
that the truth values of sentences are determined by the semantic proper-
ties of other expressions. We now assume that it is directly some constel-
lations of (potential) denotations that make some sentences true or false.

Let us start fixing the terminology. Just as sentences were mapped onto
truth values in truth-valuational semantics, here expressions are, more
generally, mapped on denotations (some of which may be truth values),
where each category of expression is associated with a type of denotation
(subject expressions with individuals, predicates with properties, etc.).
While the assignment of truth values was called a truth-valuation, the
assignment of denotations is called an interpretation. (As this is a notion
of interpretation different from our interpretation,, we will denote it as
interpretation; — but as in this and in the next two chapters we will deal
exclusively with this notion, we will leave out the subscript.) And just like
the semantics of a language, on the level of truth-theoretical semantics,
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was fixed by delimiting the range of its acceptable truth-valuations, here
the semantics of a language is fixed by delimiting the range of acceptable
interpretations.

13.2 The Universe as the Bunch of Everything

Despite an obvious parallel with truth-functional semantics for the language
of propositional logic, it seems that the denotational semantics for the lan-
guage of predicate logic is of a different nature. Making the move sketched
out in the previous section seems to turn the whole enterprise of the semantic
attitude to logic into something incomparably more complex — and espe-
cially philosophically more convoluted — than it was until we were able to
make do with truth-functions. To assume that sentences are true/false and
to investigate the dependencies of their truth values is a straightforward,
philosophically not overly committed, enterprise. However, once we assume
that there are domains of individuals, of properties, etc., we make the whole
enterprise incomparably more involved and less transparent.

The point is that the truth-functional account, though it is presented
as an alternative to the “syntactic,” Hilbertian, or Gentzenian calculi,
can be seen again as a kind of calculus. Indeed, it is easy to see the truth
values 0 and 1 as mere expedients of a mechanism singling out (neces-
sarily) true sentences or valid arguments, differing from the mechanisms
of the calculi only as to their complexity, not as to their nature. Now if
we turn to the richer semantics involving individuals, properties, etc., we
seem to be switching to something really different; we seem to be engag-
ing no mere expedients but rather some “real” entities of the extralin-
guistic world.

The usual version of semantics for predicate logic is simplified by the
trick introduced by Frege (1892a) in the form of the identification of
properties and relations with functions mapping n-tuples of individuals
on truth values. (This really does look like a trick — for it would seem to
imply that to know a property we would need to know exactly which
individuals possess it, which does not seem realistic.) Then we can take
the truth value of an atomic sentence to be determined by the denota-
tions of its parts: to take it as the function value of the application of the
denotation of its predicate to those of its subjects. And we can take the
truth value of a quantified sentence as determined by whether all/some
individuals belong to a relevant set. In this way, the only new entities that
we need to build a semantics, aside from truth values, are individuals.
(But, still, individuals seem to be “out there” in the world, and basing our
semantics on them appears to give it a suspiciously empirical dimension.)

Thus, the core of the new semantics is the universe, the set of all indi-
viduals that are potential denotations of the subjects and the entities to
which the predicates potentially apply; hence, it is important to see its
nature clearly. If I say Every prime is odd, then what I am talking about
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are primes, and more generally numbers, and it would make little sense
to evaluate it with respect to a universe in which numbers are not present.
And if what we are after is the actual truth value of the sentence, it would
also make little sense to evaluate it with respect to a universe in which no#
all primes are present. So what should be in our universe?

An almost self-evident answer is “everything.” But here we have to
ask what is everything? and we are likely to face a couple of problems.!
We may be certain that, say, a table is an object in the universe, but is
this also true of each square centimeter of its surface? Does the universe
contain abstract, ideal, and fictional entities, or just entities occupying
spatiotemporal regions of our actual world? Does it contain all its sub-
sets, that is, all the sets of the things it contains? (If so, and if we agree
to the Cantorian proof that a power set of a set is always bigger than the
set itself, it would seem that the universe must be “bigger than itself.”)?

Given these problems, logicians usually consider not one huge, all-
encompassing universe but instead see the universe to be somehow
“context-dependent,” to always be given somehow ad hoc according to
what we want to talk about in a given language. (Thus, the language of
PA may be associated with the universe of all and only natural numbers;
while the language of zoology could perhaps be associated with the uni-
verse of all and only living organisms.)?

13.3 The Universe as a Structure

As was indicated in the previous section, it is often taken for granted that
denotational semantics is about the real world, and that the relationships
between the expressions of artificial languages and their denotations some-
how depict, imitate, or regiment the relationships that, in fact, exist within
the real world between expressions of natural languages and their mean-
ings or referents. However, it is important to realize that the actual prac-
tices of logic show us the semantic approach in a rather different light.
First, as logic is concerned with logical forms and hence with logical,
rather than extralogical, expressions, it cares neither about the nature
of the universe nor about the actual links between subject and predi-
cate expressions and their denotations. It just assumes that every subject
denotes some individual and every predicate denotes some property or
relation, regardless of which one it is and regardless of what exactly an
individual is. Moreover, the abandonment of the idea of a unique, all-
encompassing universe in favor of opportunistic, partial ones lets us rest

1. Some of them are discussed in Rayo and Uzquiano (2006).

2. See, e.g., Grim (1991).

3. The historical background of switching from the all-encompassing universe to a lot of
opportunistic ones is described by Goldfarb (1979).
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content with the assumption that the individuals are taken from some
universe, regardless of its nature. Thus, we should perhaps replace the
claim that we are especially interested in sentences that are true w.r.t. any
acceptable assignment of individuals of the universe to subjects and rela-
tions over the universe to predicates, with the claim that we are interested
in those that are true w.r.t. any acceptable assignment of individuals from
any universe (or perhaps any nonempty universe*). The universe thus
comes to figure in our accounts in a merely ghost-like manner.

Moreover, for all a logician cares, any job that can be done by an
interpretation can be equally well done by any other interpretation that
is isomorphic with it. (Two interpretations i and ¢’ of the language of
predicate logic are isomorphic iff there is a one-to-one mapping # of the
universe of the first one on that of the second one such that #(s) = m(i(s))
for every subject s; and <oy, . . ., 0,>€i(P) iff <m(0,), . .., m(0,)>€i'(P)
for every predicate P.) This indicates that as far as logic is concerned, our
universe can be composed of any kind of objects whatsoever, the only
relevant thing is the “structure” of the interpretation — what is invariant
across isomorphic interpretations.

Quine (1968) envisaged this in terms of his notion of “proxy func-
tion.” Suppose, he suggested, that we have an ordinary interpretation
of a language, according to which the subjects of our language refer to
some objects like people, animals, houses, etc., and the predicates of the
language refer to the relations among the individuals in the sense of sets
of n-tuples of the objects. Now suppose I replace every individual by its
“proxy” so that a subject now refers to the proxy of its previous refer-
ent and a relation holds among objects iff they are proxies of the objects
among which it held previously. Suppose, for example, that the proxy of
an object is its shadow;’ hence, Barack Obama now refers to the shadow
of Barack Obama and Trump Tower refers to the shadow of Trump
Tower; and is higher than relates the shadow of Trump Tower to the
shadow of Barack Obama iff the former is a shadow of an object higher
than that which casts the latter shadow. Everything that could interest us
on the language in question stays the same: the truth of its sentences, and
hence the consequence relation, logical truth, etc.

Quine thus concluded that in most cases (when we are considering a
denumerable universe) we could restrict our attention to a single uni-
verse, such as that which is constituted by natural numbers. (Quine calls
such a stance, half-jokingly, “ontological Pythagoreanism.”) Any kind of
universe that we could desire to work with could be transformed into this
one via a suitable proxy function.

4. 3x(P(x)v—P(x)), for example, is a theorem of the standard calculus of classical predicate
logic. (The reason is that it can be derived from P(x)v—P(x), which is an instance of (EM), and
(P(x)v—P(x))—3x(P(x)v—P(x)), which follows from Vx((P(x)v—P(x))—>3x(P(x)v—P(x))),
which in turn is equivalent with Jx(P(x)v—P(x))—3x(P(x)v—P(x)).

5. An example presented by Davidson (1979).
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Let us, moreover, notice that while the universe of a specific theory
(like PA) is usually thought of as determining the truth values of relevant
sentences, the current view may lead us, as it did Quine, to an inverse
view. We may see the universe as not determining, but rather determined
by, the values. The universe of a theory contains those and only those
objects that are needed to make the sentences of the theory true. Or, as
Quine (1953, p. 13) vividly puts it: “a theory is committed to those and
only those entities to which the bound variables of the theory must be
capable of referring in order that the affirmations made in the theory be
true.” Note that this view on the concept of the universe basically chal-
lenges the idea that by including the universe in our semantics we make
the semantics rest on specific entities of the real, extralinguistic world.

Thus, there is a sense in which even denotational semantics may be
seen as something on a par with a calculus — not as a matter of intercon-
nection of language with actual extralinguistic things, but as a complex
apparatus of expedients that allow us to specify the relation of conse-
quence and the set of tautologies.

13.4 Formal Semantics for Predicate Languages

An interpretation of the language of (first-order) predicate logic, we saw, is
an assignment of the elements of a set U (the universe) to subjects and of the
elements of the sets B"---*U (of all functions mapping 7-tuples of elements
of U on elements of B, where B = {0,1} is the set of the two truth values)
to predicates. Such an interpretation allows us to compute the truth values
of all closed atomic formulas ( || P(a, ..., a,) |l = |PIl(lall, ..., |a.l]))
and consequently of any combination of such formulas by means of the
sentential operators.

But we still have variables, open formulas, and quantified formulas. To
assign denotations to them, we need to consider the assignment of objects to
variables, which we will call a valuation. Hence, a valuation is simply a map-
ping of the set of all variables on U the set of all valuations will be denoted
as V. Given a valuation, a variable denotes the object which the valuation
maps it on. Moreover, given an interpretation and a valuation, we can com-
pute denotations also for open atomic formulas (and, as a consequence, of
all combinations of atomic formulas by means of the sentential operators).

As for the quantified formulas, their denotations are determined in the
expected way. The value of Vx¢, ||Vxé||, with respect to an interpreta-
tion and a valuation v is 1 iff ||¢|| is 1 with respect to the interpretation
and any valuation which differs from v at most in the value assigned to
x; while the value of 3x¢, ||3x4||, with respect to an interpretation and a
valuation v is 1 iff ||#|| is 1 with respect to the interpretation and at least
one valuation which differs from v at most in the value assigned to x.

Note that though logical operators and quantifiers are often treated
as “syncategorematic” in the sense that they are not assigned their own
denotations, the denotations for them are not difficult to find; indeed, if
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we treat all expressions of the language of the predicate calculus as hav-
ing denotations, the whole picture becomes more transparent for we can
see the formal semantics as an algebraic structure similar to that of the
corresponding language, and we can see the semantic interpretations as
something like homomorphisms of the former into the latter.

It is already clear that we can take logical operators as obtaining
denotations from BE, or from B¥®, in particular the well-known truth-
functions; given this, we have the denotations of logically complex
formulas determined by their parts in a transparent way, such as, for
example, || Awll=]| All(I|¢],]lw]l). The situation is a little bit more com-
plicated with quantifiers, for they interact with variables in a way which
does not seem to point to any such transparent semantic treatment.
But we have seen that if we engage the rule of lambda-abstraction,
we can treat quantifiers as taking unary predicates to sentences and
hence obtaining denotations from B®"), Then it will be the case that, for
example, [[V(P)]| = [[V[[(|P]).

Let us define the semantics for the language of predicate logic exactly,
first in the traditional way in which logical constants are considered syn-
categorematic. An interpretation in a universe U is a function mapping
every subject on an element of U and every n-ary predicate on an n-ary
relation over U (an element of BY---*Y). A valuation is a function map-
ping every variable on an element of U. The satisfaction of a formula by
an interpretation and a valuation is defined so that

e jand v satisfy an atomic formula P(a,b, . . .) iff the function interpret-
ing P yields 1 if applied to the values of a,b, . . ., where the value
of a subject is either its interpretation or its valuation, depending on
whether it is a constant or a variable;

e satisfaction is extended to the logically complex sentences in the
obvious way (i and v satisfy —¢ iff they do not satisfy ¢, etc.);

e jand v satisfy Vx¢ iff i satisfies ¢ together with v[x—o] for every
0eU, where v[x—0] is identical with v with the single possible excep-
tion that it maps x on o.

Alternatively, we can define interpretation in the following way: A denota-
tion assignment based on an interpretation 7 and a valuation v is a function
mapping every expression of the language on a denotation so that

e the denotation of a constant is its interpretation;
the denotation of a variable is its valuation;
the denotation of an atomic formula is the value of the denotation of
the predicate applied to those of the subjects;
e the denotation of a logically complex formula is the value of the deno-
tation of the operator applied to the denotations of the subformulas;
e and the denotation of a quantified formula is the denotation of the
quantifier applied to the function that maps an element o of U on the
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denotation which the formula would have if we changed the current
valuation of the variable, which is subject to the quantification, to o.

An interpretation which maps a sentence on 1 is called a model of the
sentence and similarly for a set of sentences or a theory (insofar as the
theory is identified with a set of sentences). Every interpretation, and
hence every model of a theory, determines a universe and a collection of
relations over the universe (namely those which are the function values
of the interpretation for some predicates). This is an algebraic (“rela-
tional”) structure, which we will call model structure (sometimes it is
simply called a model, which, however, is misleading as it introduces an
ambiguity in the term).

In terms of satisfaction

i,vsat P(ab,...) iff i(P)(||all,]|b]l...) = 1, where ||a|| = i(a) if a is a constant and ||a|| =
v(a) if a is a variable, etc.

i,v sat ¢ iff not i,v sat ¢

i,v sat gay iff i,v sat pand i,v sat

i,vsat gvyiffi,v sat gor i,y sat

i,v sat gy iff i,v sat yor not i,v sat ¢

i,v sat Vx @ ift i,v[x—0] sat ¢ for every oeU

i,v sat Ix@iff i,y[x—0] sat ¢ for at least one o€ U

In terms of denotation

||E|liv = i(E) if E is a subject term or a predicate term

||Eliy = W(E) if E is a variable

|- |li is the element of BP such that ||—||;.(¢) =1 iff =0

||Al]i.v is the element of BE*E such that ||A||i(t1,62) =1 iff #1=1 and =1

[[V]Jiv is the element of BB*B such that ||v||i.(t1,62) =1 iff 1=1 or =1

[|->/li.v is the element of B®*® such that |[—||i.(t1,t2) =1 iff £1=0 or =1

[I¥]li.v is the element of BB such that ||V||;(m) =1 iff m(0)=1 for every oeU

[13li is the element of B®Y) such that [||i.(m) =1 iff m(0)=1 for at least one

oeU

[[P(a,b,...)|liw = |Pllis(||@llivs||B]liv»...) for every n-ary predicate P and subject terms
a,b,...

108l = [[Ollis(ll Hli)

190 vAli = 1Ol Alivs [ ¥Ali)
[[Uxdlliv = [|U]]in(f) where f'is the function that maps an element o of U on the

value [|@{livix—o)

Figure 13.1
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13.5 Model Theory

The kind of semantics we have just presented is often also dubbed model-
theoretic. Indeed, the terminology to which logic has converged is such
that the two most significant areas of its interest are proof theory (which
deals with calculi) and model theory (which deals with systems of formal
semantics). However, the term model theory may be misleading and it
deserves some explanation.

We have seen that the term model entered logic especially via the the-
ory of interpretation and satisfaction that originated with Tarski (1936).
A model, we saw, is an interpretation satisfying a given sentence or a
set of sentences (a theory). Later, Tarski, together with his collaborators
and followers, developed model theory into a mathematically complex
theory, taking in the results achieved within the previous “algebraic tradi-
tion” of logic, as well as those of Godel and others.

However, instead of starting from a theory and looking for the inter-
pretations (and their model structures) that are its models, we can also
assume a converse view and start from a model structure or a set of
model structures trying to find a theory of which they are models, and
especially a theory of which they are the only models and which thus
determines them in this sense. This perspective goes back to the so-called
“American postulate theorists”® and to thinkers who were more inter-
ested in algebra than in logic.”

The discipline of model theory® thus found itself in the intersection
of mathematical logic and what has come to be called universal alge-
bra.” Some of its protagonists consider the way the adjective “model-
theoretic” is employed in logic (namely for everything plus minus of a
semantic nature) to be a misnomer.'°

13.6 Generalization

The extensional semantics for the language of the first-order predicate
logic can be easily generalized. We have seen that, in the case of first-
order predicate calculus, we can make do with individuals plus the
truth values, namely with the domains B and U, for the denotations of

6. See Scanlan (2010).

7. Like Birkhoff (1935) or Malcev (1941).

8. See, e.g., Chang and Keisler (1973) or Hodges (1993).

9. See Cohn (1981).

0. Thus, Hodges (2016, p. 174), comments on the claim of Prawitz (1974, p. 66), “In
model theory, one concentrates on questions like what sentences are logically valid and
what sentences follow logically from other sentences,” in the following way: “I can say
with absolute confidence that I never met a model theorist who ‘concentrates on ques-
tions like what sentences are logically valid and what sentences follow logically from
other sentences.””
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predicates (and also for those of logical operators and quantifiers) can be
built from individuals and truth values. It would seem, then, that we can
consider more complex denotations of the same kind and, consequently,
richer languages based on these denotations. We can, for example, have
functions from properties (which are functions from individuals to truth
values) to truth values, which can serve as denotations of second-order
predicates. Thus, this kind of semantics can be built for predicate logics
of higher-orders.

Introducing second-order predicates as denoting functions from the
denotations of first-order predicates (namely functions from individuals
to truth values) to truth values, we can notice that quantifiers can be seen
as specific cases of such predicates. A quantifier, we saw, can be taken
as taking a “pseudopredicate” (or a predicate proper, if we make use
of lambda-abstraction) to a sentence. The general quantifier produces
a true sentence iff applied to a predicate denoting the function mapping
every individual on truth; the existential one produces a true sentence
iff applied to a predicate denoting a function mapping at least one indi-
vidual on truth.

Similarly, we can introduce third-order predicates as denoting func-
tions from denotations of second-order predicates to truth values; and
generally predicates of any order. But we can even think about further
generalization of this kind of semantics. Which kinds of functions, in
general, can be built from individuals and truth values? The general
answer is as follows. Let U be the universe and B be the set of the two
truth values. Then U and B are domains. Moreover, if Dy, ..., D,, D are
domains, then the set DP1*--*Px of all n-ary functions from D,, ..., D,
to D is a domain. Now we can have a category of expressions for each of
the domains: the set T (of subjects, taking denotations from U) and the
set S (of sentences, taking denotations from B) are categories; moreover,
if C, ..., C, Care categories, then there is a set C/Ci, . . . ,C, which is
a category (taking denotations from DP1=---*Px), And if we add rules for
all the possible applications,

if Ei, ..., E, E are expressions of the respective categories C,, . . ., C,
Cc/C,,...,C, then E(E,,...,E,) is an expression of the category C,

we can see that what we reach is precisely the language of categorial grammar.

In this way, the generalization of formal semantics for predicate logic
yields us a semantics that fits very well with this maximally general logi-
cal language, making all its rules into functional applications so that the
denotations of all complex expressions are the function values of the
application of the denotations of one of their parts to those of the other
parts:

|EE EN=ELE Lo DB D
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We will see later that after making a semantic sense of the rule of
lambda-abstraction, we can have the semantics for the whole lambda-
categorial grammar (see §10.4).

13.7 The “Expressive Power” of Higher-Order Logic

We have already seen in §10.3 that the first-order predicate calculus is
readily extensible to a second-order, or even a higher-order one. Now we
saw that this extension comes naturally even from a semantic viewpoint,
and that we can naturally extend predicate logic all the way to catego-
rial grammar, offering us a very flexible toolbox for the regimentation of
natural language. Should we thus simply forget about first-order predi-
cate logic and embrace this much more general system?

We also saw that formulas of second-order logic can be, with some
ingenuity, transformed into those of first-order logic, and the same may
hold more generally for sentences of lambda-categorial grammar. It thus
seems that perhaps everything that can be regimented in terms of lambda-
categorial grammar can already be regimented by means of the first-order
predicate logic. True, while lambda-categorial grammar allows us to
carry out the regimentation in a very straightforward manner, first-order
predicate logic requires invoking the “art of Russellian logical analysis”
and leads us to formulas that are very different from the regimented sen-
tences. However, the austerity and transparency of the means we thus
restrict ourselves to may be something to value.

Hence, should we go for a direct and transparent regimentation using a
baroque artificial language, or rather for a very indirect one using an aus-
tere and transparent language? Before taking a stance on this problem,
we need, however, to take into account one more way in which the step
beyond first-order logic enhances our “expressive power.”

Let us return to Dedekind’s definition of infinity, which we briefly con-
sidered in §10.3:

Fp(VxTy(p(x, y)AVz(p(x,2) = (y=2)))AVxVYVa((p(x, 2) = p(y,2))
— (x=y))AVXVy((P(x)A p(x,y)) = P(y))ATy(P(y) AVXV2(P(x)A p(x, 2)
—>—=(z=y))).

It is clear that like other second-order formulas it too can be trans-
formed into a first-order one, perhaps in the following way

Fu(VxIy(Val(u, x,y)AVz(Val(u, x,2) = (y = 2)))A
VxVyVz(Val(u, x,z)AVal(u,y,2)) = (x = y))A
VxVy(((P(x)AVal(u, x,y))) = P(y))A3y(P(y)A
VxVz(P(x)AVal(u, x,z) = —(z = v))),
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where Val is a ternary predicate (intuitively relating a function, now
understood as an object, and an argument to the value of the function
for the argument). Is it so that P satisfies this formula iff it has an infinite
number of instances? Unfortunately, unlike in the second-order case, it is
generally 7ot the case. We will see why shortly.

Return to the case of attributing a property to a property, for which
we seem to need second-order properties. Suppose we take properties as
(specific cases of) objects (or entities, if you wish), which hence fall into
our universe of discourse, and we have a logical (?) binary predicate Has
(see §10.2) which relates an object to a property iff the former has the lat-
ter. The logical form of Charles and Peter share a property would then be

x(Has(a, x)AHas(b, x)).

Having properties within the universe, along with individuals, might
seem implausible. However, we can do away with this by changing our
predicate logic to a two-sorted one, which is a not very problematic vari-
ant of predicate logic with two separate universes (and two separate sorts
of subjects, and arguments of predicates marked as to from which of the
universes they are to come). Such two-sorted logic is easily translatable
into a one-sorted one, in that we introduce two predicates delimiting the
two parts of a common universe. Then the previous formula may get
amended as

Jx(Prop(x)AHas(a, x)AHas(b, x)).

This is what leads us to the question: do we really need second-order
logic? Cannot we make do with its first-order emulation that we just
sketched?

Return to the definition of infinity. The criterion of Dedekind, which
this definition is to articulate, is that a set is infinite iff there exists a one-
to-one mapping of the set on its proper subset. This is what is exactly
articulated by the second-order formula. In the case of the first-order
counterpart of the formula, if it is true, then there exists such a mapping
and the extension of P is indeed infinite. However, if the formula is false,
can we be sure that the extension of P is finite?

In this case, we understand functions as objects in the universe. How-
ever, as we know, the universe of a first-order theory is arbitrary, it need
not contain anything (save for the fact that it is nonempty, that is, that
it contains at least one object). Hence, how can we be sure that it con-
tains objects corresponding to all possible functions? And if it does not,
how can we be sure that if the formula is false, then it is because there
is no function mapping the extension of P on a proper part of itself,
or only because such a function fails to be included in our arbitrary
universe?
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This might seem to be a surmountable problem. After all, when we
formalize arithmetic, logic alone does not guarantee us that the universe
will contain the infinite sequence of natural numbers we need to do arith-
metic; we must secure this by means of axioms. So it would seem that
here again we need an axiom securing that our universe contains all the
functions. So what we need, it would seem, is something like the follow-
Ing axiom

VPIxVyVzVal(x,y,z)<>P(y,z).

But alas, this is a second-order axiom! Thus, to be able to use it within
first-order logic, we would need to turn it into a first-order one, perhaps

VudxVyVzVal(x,y,z)<>Val(u,y, z).

But this is a tautology saying that for every function which already is
within our universe there is the corresponding function in our universe.
What we would need is to quantify over not only the functions that are
in the universe but over all functions whatsoever.!!

This means that such an axiom could do the required work only if it is
second-order, and hence the definition of infinity is also adequate only if
it is second-order or if it is supported by something that is.

This gave rise to the discussion between proponents of second-order
logic, who maintained that without it we are not able to apply logic to the
foundations of mathematics (where we cannot make do without a firm
grasp on the concept of infinity), and their opponents, who claimed that
second-order logic (with standard semantics) is no logic at all, for it lacks
any calculus. The discussion is nicely anatomized by Shapiro (1991).

In this way, second-order logic, as compared to the first-order one,
brings us a new kind of enhancement of “expressive power.” In this case,
it is not so that it brings us a richer repertoire of syntactic categories and/
or a broader spectrum of syntactic rules to regiment those of natural
language, as this kind of “expressive power” is purely semantic. There
seem to be concepts, especially the concept of infinity, which cannot be
(directly) captured except in second-order logic.

11. See Shapiro (1991, Chapter 4) for more details.



14 Denotations Beyond
Extensions

14.1 Modal Propositional Logic

The route that has taken us from purely truth-functional semantics to a
denotational one has done so by way of the accommodation of quanti-
fication and the engagement of the universe of individuals. There is also
a completely different possible route, the route we take when we want
to move to modal propositional logic; and it leads via the accommoda-
tion of modalities and via the engagement of the “universe” of possible
worlds.

The problem with truth-functional semantics, when we want to accom-
modate modalities such as possibly or necessarily, is that these cannot be
taken to denote truth-functions. The basic trouble is that, in general, the
truth value of A is not uniquely determined by that of A: if A is false,
then OA is bound to be false too; but if A is true, then CJA may in some
cases also be true and in other cases false. From this viewpoint, it would
seem that it might be enough to split the truth value #ruth (1) into the
values necessary truth (11) and contingent truth (01). Then we can say
that [JA is true iff A is necessarily true and it is false otherwise:

A | 0OA
11 ] 11
01| O
0 0

However, having done this refinement, we would have to rewrite the
truth tables for the other operators for the new values. In particular, we
would have to say whether it is contingent truth or necessary truth on
which negation maps falsity. And it seems that the only reasonable way
to do it leads via the splitting of falsity. Once this value (0) is split up
into contingent falsity (00) and necessary falsity (10), we can say that the
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negation of contingent falsity is contingent truth and that of necessary
falsity is necessary truth:

A | -A
11 | 10
01| 00
00 | 01
10 | 11

The table for necessity can then be easily amended accordingly:

A | A
11 ] 11
01| 10
00 | 10
10 | 10

But this is far from the end, for now we must rewrite the tables for
conjunction, disjunction, etc. Take disjunction — what will the table for it
look like with the new values? It is clear that the disjunction of necessary
truth with anything will yield necessary truth; and that the disjunction of
necessary falsity with any value will yield the latter value. It is also clear
that the disjunction of a truth with anything will be a truth and that the
disjunction of two falsities will be a falsity. What remains unclear, how-
ever, is the precise value of the disjunction of two contingent values:

AvB
11 [ 01 | 00 | 10

11 |11 |11 |11 | 11

01 |11 |21 |21 |01

00 |11 |21 |20 | OO

10 {11 | 01 | 00 | 10
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Take two contingent truths: it is clear that their disjunction will be a
truth, but will it be a necessary one or a contingent one? Intuitively, it
would seem that this value is again not determined uniquely. The disjunc-
tions of some kinds of contingent truths will be true only contingently,
whereas some other kinds (for example, the disjunctions of a contingent
truth with its negation) will be true necessarily.

Therefore, what we obviously need, if we want to reach a composi-
tional valuation, is a further refinement — we must split up contingent
truth (and similarly contingent falsity) into still more values. But this time
the situation is rather tricky: we cannot say that we simply split contin-
gent truth into two values, one such that its disjunction with contingent
truth will yield contingent truth, whereas the other will yield necessary
truth. The idea rather is that the values of some pairs of sentences the dis-
junction of which is true are “complementary” (their disjunction yields
necessary truth), whereas those of others are not (their disjunction yields
contingent truth). As a result, we gain a more or less nontrivial Boolean
algebra of values, which can be represented as the well-known algebra of
sets of “possible worlds” (possibly with the superstructure of an “acces-
sibility relation™).!

Hence, what we arrive at in this way is the solution proposed in Kripke’s
seminal papers:* we enrich our semantics by entities which have come to
be called possible worlds. These are entities which the truth of sentences
is relative to. Sentences thus become true w.r.t. individual worlds; they
are true simpliciter if they are true w.r.t. the world which is the “actual”
one. And they are necessarily true in a world w if they are true either in
all worlds altogether, or in some worlds that are “distinguished” from
the viewpoint of w.

What are the possible worlds? Is there a way of reducing them to
something simpler? Well, there is: we can identify them with acceptable
truth-valuations of sentences. But though this is in some respects natural,
there are also problems with such an identification. First, it makes worlds
language-dependent. Second, it leads to a not very “well-behaved” modal
logic, a logic proposed, in effect, by Carnap, and known as “C.”3 If we, on
the other hand, leave possible worlds as primitive entities, as Kripke did, we
can easily help ourselves to many different kinds of modal logic and choose
among a variety of potential explications of necessity and possibility.

Another option is to see possible worlds as generated by a basic set of
individuals, and a set of some elementary properties, as all possible distri-
butions of the properties among the individuals. (This is a method of, for

1. See Peregrin (2006b).
2. See Kripke (1963a, 1963b, 1965b).
3. See Schurz (2001) or Puncochar (2012).
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example, Tichy, 1988) This, however, leads to possible worlds sharing
the same universe of individuals, which may have some counterintuitive
consequences.* Another possibility might be to look at possible worlds as
mere expedients of rendering the truth of some sentences as dependent
on “external factors.” Thus, Stalnaker (1986, p. 117): “What is a pos-
sible world? It is not a particular kind of thing or place; it is what truth
is relative to, what is the point of rational activities such as deliberation,
communication and inquiry to distinguish between.”

Notice that when we moved from propositional to predicate logic, we
were able to remain on the extensional level — denotations of sentences
could be identified with their truth values, so that the denotation assign-
ment merely extended the truth-valuation to other categories of expres-
sions; here we dissociate the denotations of sentences from their truth
values. Thus, the denotation assignment ceases to be extensional, and it
is usually called intensional.

Note that in this way we make denotations of sentences into something
notably closer to the meanings of the sentences (in the intuitive sense
of the word). As long as denotations of sentences are truth values, they
can hardly be considered as nontrivial approximations of their meanings
(and the same goes for other kinds of expressions): we would certainly
not want to claim that all true sentences are synonymous.

14.2 Intensional Logic

Philosophers and logicians who were convinced that the explication of
the intuitive concept of meaning is an integral part of the mission of
logic, notably Carnap, were, long before Kripke, pondering the possibil-
ity of an “intensional logic,” which would provide the means for such an
explication.’ An obvious idea was that the truth value of a sentence may
be relative to something (“circumstances”), and that its meaning is not
a truth value but the way in which its truth value depends on this some-
thing. Hence, the idea of “possible worlds” and intensions as functions
constituted by their help had been in the air for a relatively long time;®
and so, when Kripke presented his semantics, it could also be seen as the
realization of the plans of Carnap and others.

Note that the simplest way of moving from extensional to intensional
semantics is such that what we add to the basic building blocks of the

4. For example, as our actual world contains Donald Trump, there cannot be a possi-
ble world not containing this individual. The individual need not be named “Donald
Trump”; in fact, it need not share a single property with our Trump (it can have, for
example, all the properties of our current Barack Obama). It will still, however, be the
same individual (in some obscure metaphysical sense).

. See Carnap (1947).

6. See Copeland (2002).

“
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semantics are just possible worlds. Hence, just like all extensions were
functions built atop of the sets U and B, all intensions may be thought of
as functions built atop of the sets U and B and a set W of possible worlds.
A basic category C which was associated with the domain D will now be
associated with the domain D¥: thus, the denotations of sentences will no
longer be truth values but rather functions from possible worlds to truth
values, and those of subjects will be no longer elements of the universe but
rather functions from possible worlds to the universe.

The situation will be more complicated in the case of non-basic cat-
egories. If we have, for example, the category C,/C,, such that C, and
C, are basic and their respective domains now are D,V and D,Y, then

its domain will have to be ((DIW)‘DZW))W. Take unary sentential opera-
tors, which, on the level of extensions, received denotations from BE.
They take sentences to sentences, so now, on the level of denotations,
they take the new denotations of sentences (functions from possible
worlds to truth values) to the new denotations of sentences. Moreo-
ver, the denotation of such an operator cannot be just such a function
(an element of (BY)®", for they should also be intensions, functions
from possible worlds — so their denotations should now be elements of
((BY)®)"

It seems then that having switched from extensional to intensional
logic we will have to completely rebuild its semantics, even throwing
away denotations of expressions that we had already taken for adequate
on the level of extensions. Take a core sentential operator like negation.
We may feel that its semantics is fully determined by its extension — the
truth-function. But now it will have to be assigned a denotation from

((BY)®")", which seems to be an unwanted complication.

Fortunately, the intensions of those expressions which we take to be
in this sense “extensional” can be produced out of their extensions in
a straightforward way. First, though intensions are functions from pos-
sible worlds, they may be constant functions — hence, the denotations
of expressions like negation may have the same value in every possible
world (Kripke, 1972, would call such expressions “rigid designators™).

But this only solves a minor problem. The major one is that the value
in a possible world is now not to be the truth-function (an object of the
domain BP), but rather something more complicated (an object of the
domain (B¥)®"), But there is a simple way of transforming the good old
extension of such an expression — that is, in the case of the negation of the
truth-function — into the required object. If ||| is the original extension
of — (an object from the domain BP), we can define the required function
from the domain (B¥)®") so that it maps an element ||A| of BY on an
element ||—A|| of BY so that for every weW

|=Alw) = || =l (|=A ).
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Let us generalize this idea, let us call this kind of operation quasiappli-
cation: the result of the quasiapplication of an object o of the domain
(DP1*---xPn)¥ to objects o0y, . . . , 0, of the domains D", ..., D) will be
an object f of the domain DV (a function from possible worlds to objects
of the domain D) such that f(w) = (o(w))(0,(w), . . ., 0,(w)). Hence, if we
have a categorial grammar — that is, a language all the syntactic rules of
which correspond, on the semantical level, to applicative rules — we can
make it (trivially) intensional straightforwardly so that all the rules come
to be quasiapplicative.

In this way, we can transport all the denotations which we have on the
extensional level and with which we are satisfied to the intensional level.
But, of course, the point of going intensional is that we can also have
denotations that are not just extensions refashioned as intensions. The
point is that now we can have genuine intensions, that is, such that they
have no counterparts among extensions.

Let us illustrate this by means of the sentential operator of necessity,
which, we saw, could not be captured on the extensional level. Like —,

w

[ too is to denote an element of ((B¥)®™) | and it too can be taken as a
constant function. However, there is no || so that

[BAN0w) =[O (| Allos).

Let us call 1% the function from BY that maps every world on 1, and let
us call 0¥ that which maps every world on 0. Then we can define |CJA||
in the following way:

|DA] =1#iff] Al =1
= OViff | Al %17,

In this way, we will also be able to assign denotations to other expressions
that were problematic from the viewpoint of extensional semantics, and we
will be able to assign better denotations to those that were not treated in
a satisfactory way within extensional semantics. (Thus, for example, the
extension of a binary predicate is a relation between individuals, which
makes it an unsatisfactory explication of the meaning of a verb like seek —
for if you seek something, there need not be any such individual.” A better
denotation would connect you not to an extension, but to an intension.)

Technically, we can handle the shift from extensional to intensional
semantics in either of two ways. The first possibility is to enrich the

7. The sentence John seeks a unicorn is one of the most famous examples discussed by
Montague (1973).
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syntax of the language by a category I of expressions corresponding to
the domain W (usually containing only variables), in which case it keeps
being a categorial grammar, only with three basic types instead of two
(it is sometimes called two-sorted type theory, for the basic type S some-
how does not count;® I call it “globally intensional” logic — see Peregrin,
2006a.). What becomes more complicated in this case is the relationship
between this kind of artificial language and the natural language it is used
to regiment: it is no longer the category S but rather the category S/I that
corresponds to sentences, unary predicates are regimented by expressions
of the category (S/T)/I, and subjects by those of the category T/I. As a
result, it is also no longer the applications but rather the quasiapplica-
tions that correspond to the most basic rules of natural language syntax:
if P is the expression regimenting a predicate of a natural language sen-
tence and a its subject, then the whole sentence will be regimented not
by P(a) but rather by the quasiapplication of P to a, namely what can be
articulated, in terms of lambda-abstraction, as Aw/((P(w))(a(w))).

The other possibility is to leave the shift from extensional to intensional
semantics maximally hidden in the semantics. That is, we keep the syntactic
part of the language almost as it is, only we change the types of “intension-
ally sensitive” predicates: hence, we keep, for example, the binary predicate
find as of the type S/T,T (or (S/T)/T), while we change the type of seek
to S/T,(T/) (or (S/T)/(T/M)) to account for the fact that the object position
of the latter creates an intensional context. As regards the semantics, we
change the values from extensions to intensions and change applications
to quasiapplications accordingly. (We may even keep claiming that the
“standard” semantic values of expressions are extensions, treating inten-
sions only as “asides” and introducing a mechanism that promotes the
intension of an expression temporarily to its extension. This is the way of
Montague, 1974, which results in what I call “locally intensional” logic —
see Peregrin, 2006a.)

The fact that we can accommodate intensional semantics in a lan-
guage that differs from the extensional lambda-categorial grammar
merely in that it contains one more basic category raises obvious
doubts: how can we turn an extensional language into an intensional
one in this trivial way? However, we must distinguish two things. The
language in itself, that is, taken as a self-contained artificial language,
certainly does not cease to be extensional. However, it can be used
for the purposes of intensional analysis of natural language if we do
not regiment the sentences of natural language as expressions of the
category S but rather of the category S/I, and similarly for other cat-
egories of expressions.

8. See Gallin (1975).
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14.3 The Semantics of Lambda-Abstraction

On the most general level, a semantic interpretation is just a homomor-
phism of the algebra of syntax into the algebra of denotations. True, the
simpler and the more perspicuous the algebra of denotations is, the better —
the easier it is to work with. Therefore we try to build the infinite system
of domains of this algebra atop of a small set of basic domains. And we
try to make the rules of the semantic algebra as simple as possible.

We have seen that one of the ways of making the rules simple is making
them functional applications. This could have been accomplished, with-
out a remainder, for propositional logic on the extensional level. How-
ever, already in the case of predicate logic there is a problem: quantifiers
are standardly understood as variable-binding devices and corresponding
rules cannot be made into applications.

In the most perspicuous case, all the variable-binding was concentrated
into the rule of lambda-abstraction and all the other rules were applicative
(including the rules for quantifiers); however, it seemed that at least this (kind
of a) rule cannot be squeezed into the applicative framework. Therefore,
what was probably the richest type of extensional language of logic, the
lambda-categorial grammar, was based on applicative rules plus the rule of
lambda-abstraction. What is the denotational counterpart of this rule?

Consider a simple example. We have a unary predicate P, applied to a
variable x: P(x). On the extensional level, P denotes a function from individ-
uals to truth values, x denotes an individual, and hence P(x) denotes a truth
value. Now the rule of lambda-abstraction takes x and P(x) to the unary
predicate AxP(x), which we expect to denote the function identical with that
denoted by P. But how can we get this function, the denotation of AxP(x),
from an individual and a truth value, the denotations of its parts?

A way out of this is to reconsider the denotations of variables and open
formulas. A variable denotes the object that the actual valuation assigns
to it (just as a subject denotes the object which the actual interpretation
assigns to it). Thus, denotations are relative to interpretations plus valua-
tions. But maybe valuations should not be seen as going hand in hand with
interpretations, maybe an interpretation should leave the valuation of vari-
ables open. This can be done so that we take the denotation of any expres-
sion as a function from valuations of variables: in the case of a constant it
will be a constant function, assigning the constant the same value for every
valuation; in the case of a variable it will be the function taking us from a
valuation to the value of the variable according to this valuation; and in the
case of a complex expression, the value of which was taken to result from
the application of the denotation of one of its parts to those of the other
parts, we now replace the application by a quasiapplication.

In this way, we can make use of the same trick as in the case of accom-
modating intensions. Hence, if we have the expression E(E,, . . ., E,),
where E,, . .., E,, E are of the categories C,, ..., C,, C/C,, ..., C,
then |E(E,, . . . ,E,)|| will no longer be ||E|[(||Ell, . - ., ||E,l), it will
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be the function such that ||E(E,, ..., E)|(v) = (|IE||)IE,|(v), . . .,
IIE,||(v)) for every valuation v. This is because expressions of the cat-
egories C, ..., C, C/C, ..., C, no longer obtain denotations from
the domains Dy, . .., D,, DP1*- - *Pu; they rather obtain them from the
domains D, ..., D,Y, (DP---xPx)¥_ Similarly, || E|| is no longer an object
of the domain D but rather an object of DV.

Once we amend the semantics in this way, we can make a semantic
sense of lambda-abstraction. Return to AxP(x). Notice that now the deno-
tation of P is not an element of BY, but rather of (BY)", and that of x is an
element of UY. Now, the denotation of P(x) will be, according to the defi-
nition, the function ||P(x)|| from BY such that ||[P(x)||(v) = (||P]|(v))
(Ilx]|(v)). Hence, as ||x||(v) is v(x) and ||P||(v) is a constant func-
tion, we have ||P(x)||(v) = ||P|lg(v(x)), where ||P||; is the constant
extension of ||P||. Thus, the value of ||P(x)|| for a valuation v is 1 iff
the object assigned to x by v belongs to the extension of P.

The application of the rule of lambda-abstraction to x and P(x), yield-
ing AxP(x), can be seen, on the semantic level, as taking us from the
objects ||x|| and || P(x)|| of the respective domains Uv and BY to the object
|AxP(x)|| of the domain (BY)", so that (||AxP(x)|| (v = [|P(x)]| (v[x—0])
as taking us from a valuation v to the function from BY which a551gns,
to an element o of the universe, the value which ||P(x)|| would have if
x were to denote 0. More precisely, let v[x—o0] be the valuation that is
just like v with the single possible exception that it maps x on o; then

([[AxP(x)|| (v = || P(x)||(v[x—>0]) for every o€U and every veV. A rule
that has thls kmd of semantics can be called abstractive, and we can see
that we could consider the rules of our semantic algebra as quasiapplica-
tive and abstractive ones.

The semantics we have sketched assumes that the language we are
working with contains variables. How does it square with the claim we
made previously that variables are dispensable? Can we produce a ver-
sion of lambda-categorial grammar without variables?

We can dispense with them by, for example, a generalization of Quine’s
method of predicate functors. And in fact, this kind of generalization
already existed before Quine proposed his method.

14.4 Combinatory Logic

The idea of the so-called combinatory logic, which can be seen as
a variable-less version of lambda-calculus, goes back to Schénfinkel
(1924), and it was developed into a fully-fledged logical system by
Curry et al. (1958).

9. Obviously here ||[AxP(x)|| is computed out of ||P(x)|| and not ||x||, but rather x itself; but
x and ||x|| are interdefinable, as not only ||x|| is the only £ such that Vu(f(v) = v(x)), but
also x is the only y such that Vu(||x]|(v) = v(y)).
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Remember the idea behind Quine’s “predicate functors” (§9.2): the
idea of replacing variables, as they are standardly employed by the predi-
cate calculus, by a set of predicate-transforming operators, so that, in
effect, AxF, for every formula F, becomes equivalent to AxP(x, . . .) for
a predicate P. And as now lambda always binds the first variable of a
predicate, we can simply write AP. Now, if we are not in the language of
the predicate calculus but in the richer language of categorial grammar,
the Quinean functors can be directly incorporated into it. According to
Quine, we assume that for every # we have

e an operator Pad” which maps an n-ary predicate on an (n+1)-ary one
so that (Pad”(P))(xg, X15...5%,) = P(x{, ..., x,)

e an operator Perm” which maps an n-ary predicate on an #n-ary one so
that (Perm"(P))(x,, ..., x,) = P(x;, X3, ..., X, X,)

e an operator Refl” which maps an (n+1)-ary predicate on an #-ary one
so that (Refl"(P))(x;, ..., x,) = P(x;, X{5 ..., X,).

Now we can assume that we have such a triple of functors not only for
every category of n-ary predicates but rather, more generally, for every
“predicative” category Y/X,, ..., X,.

In view of the fact that, as we saw, within lambda-categorial grammar
we can make do with only unary “predicates” (more generally, only with
types Y/X instead of Y/X, ... ,X,), we can understand x(x, . . . ,x,)
as a shortcut for (... ((x(x;))(x,)) . . . (x,) (thus x being of the type
(... (YIX,)IX, ) ...IX,). And we can see that we can reduce the predi-
cate functors to more primitive terms. Then, for example,

(Pad(...((Y/X,,)/X,,_l)/.../X|)<x>)(x0’ X1, . xn)

= ((Pad™"™ (x))(xg, %1))(%35 - -+ X,,)-

In this way, we could reach a basis of a few kinds of operators, like
Pad¥X1, which would be able to do all the work of Quinean predicate
functors; moreover, not merely with respect to predicates in the narrow
sense but for predicates in the sense of expression of all “predicative”
types (that is, of the types of the shape X/Y). In this way, we can trans-
form lambda-categorial grammar into a variable-less shape.

Combinatory logic went for this goal from the very beginning and thus
reached a more succinct basis of “predicate functors,” now called com-
binators, than those we would end up with when we took the Quinean
detour. Imagine we have a closed lambda term

AxE.

Now E can either be a variable, a constant, an expression of the form
E'(E"), or an expression of the form Ax.E'. In the first case, as the term is
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closed, E must be identical with x. In this case, the term is identical with
the combinator I¥ (where X is the category of E), which is defined so that

IX(E)=E  (hence IXis Axx).

In the case where E is a constant, the term is identical with K*YE, where
K*Y is a combinator such that

(KX*Y(E))(E)=E  (hence K*Y is Axhyx).
In the case when X is E'(E"), we can use the fact that

AxE'(E") = A x(((Ax E')(x))((A xE")(x))),
and make the term identical to ($¥*#(AxE'))(AxE"), where

(S*V#(ENENE") = (E(E")E"(E")
(hence $*Y%is xhyhz((x(2))((2))))-

Given this, we can reduce any closed lambda term to a combination
of simpler lambda terms; and we can use this to show, by induction, that
any closed lambda term is equivalent to a term without a lambda. The
same holds for the last possibility, when E is AxE'.

In this way, we can show that we can get rid of (bound) variables not
only in the language of first-order predicate logic but, more generally,
in the language of lambda-categorial grammar, which, it would seem, is
the most general type of language involving the mechanism of variable
binding.

14.5 The Algebraic Structure of a Semantic System*

From a formal viewpoint, a semantic interpretation is just a homomor-
phism of the algebra of language in a different algebra such that its sort
corresponding to that of sentences has a distinguished subset. (In the
simplest case the set is {0,1} and the distinguished subset is {1}.) Then we
can say that the interpretation satisfies (or is a model of) those sentences
which it maps on a distinguished element. More generally, if we have a
set of interpretations, we can say that it satisfies (or is a model of) those
sentences which all its elements map on the distinguished elements.
More precisely, let us recollect that what we called the bare language
was a finitely generated many-sorted algebra with a distinguished sort
(of sentences). Thus, a bare language is a pair L = <<<C>,_j, <R>,;>,i>
(= <<[<W>,l, <R>;>,i>), where <<C3>,;, <R;>,_> is a many-sorted
algebra and iel. A formal semantics for L is an ordered quadruple
S = <<<D;>;., <R*>; >, T,H>, where <<D;>,_;, <R *;>;_> is a many-sorted
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algebra, R*; is of the same arity as R; for every je], T is a subset of D,
and H is a nonempty set of homomorphisms from <<Cs,.;, <R>,;> to
<<Dp,.;, <R;*>;_>. If heH, then a sentence s of L, that is, an element of
C,, is called satisfied by h iff h(s)eT. s is called valid (or a tautology) in §
iff it is satisfied by all elements of H. A sentence s is called a consequence
of a sequence I of sentences of L iff s is satisfied by all those elements of
H which satisfy all elements of I

A formal semantics is usually based on some specific, more easily manage-
able kind of algebra of denotations. In particular, the rules of the algebra tend
to be of transparent kinds. A rule R*; mapping D, ..., D, on D is called
applicative iff there is a ke{l, . .., n} such that D, = DPr<- - Pk-1xDpsax- .- xDy
and R*(ay,...,a,)=alay, ..., a1, s - -.,a,) foreverya,, ..., a,from
its domain; and an algebra is called applicative if it has only applicative rules.
A domain of an applicative algebra is called basic if it is not of the shape
DPr<---*Pu for any other domains Dy, ..., D, and D.

We have seen that the semantic algebra for a categorial language may
be applicative, indeed that an applicative algebra appears to form a
natural semantics for such a language. The point is that to a category

C/C,, ..., C, there naturally corresponds the domain DP1*---*Pu  where
D, Dy, ..., D, are the domains corresponding to the categories C,
Cy, ..., C, respectively; and if E, E,, . . ., E, are expressions of the

respective categories C/C,, . .., C,, C,, ..., C, then |[R(E,E,, . . .,
E)ll = RAEILIE, - . -5 IEN) = IENCIE, - - - SIE)-

But we can consider other kinds of more or less transparent rules. A rule
R*; mapping D,, ..., D, on D is called Y-quasiapplicative iff there are sets
D ST CRTD. (I T X,,,Xsuch that D, = XIY, ey Dy = Xk_ly, D,= (XXlx”'x
XerXe- %) D= XY, .., D= XY, D= XY and R*(ay, . . ., a,) is
such a function f that f(y) = (a,(y))(@,(y), - - . » @1Vt (), - - ., a,(y)) for
every a,, . . . ,a, from the domain of R*; and for every yeY; and an algebra is
called Y-quasiapplicative if it has only Y-quasiapplicative rules.

We call an applicative semantic algebra extensional if it has only two
basic domains and if the domain corresponding to the category S has only
two elements (D, = B = {0,1}), one of them being distinguished (T = {1}).

N . . . .

We have seen that if we have an applicative semantic algebra, take a
set W and make the algebra W-quasiapplicative, we get a trivially inten-
sionalized version of the semantic algebra. We replace every domain D
by the domain DY and we make the rule R *; of the applicative semantic
algebra corresponding to the rule R; of the algebra of the bare lan-
guage into a quasiapplication: if E, E,, . . ., E, are expressions of the
respective categories C/C,, ..., C,, C,, ..., C, then [[R(E,E,, . . .,
E)|l = R*([IE|,IlEll, . . ., |E,Il) will be the function f from DY such
that f(w) = (|EIl(w))(|[E | (w), . . ., [|E,[|(w)) for every weW.

A nontrivial version of intensional categorial grammar can be reached
by explicitly enriching the bare language by a new category, I, corre-
sponding to the domain W. Now the domain DY will correspond to
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the category C/I, where C is the category corresponding to the domain
D. The quasiapplicative rules that straightforwardly correspond to the
applicative ones of the original categorial grammar will now combine
expressions of the categories (C/C,, . .. ,C)/1, C/L, ..., C/l into an
expression of the category C/I. But aside from those we will have the
applicative rules of the new algebra, some of which will not have coun-
terparts in the old one.

Recall that the usual languages of propositional logic are based on
a single basic category, the category S of sentences. Aside from it, their
expression inhabits only two functional domains: S/S and S/S,S (or
(S/S)/S). And the semantics of this language can not only be applicative
but also extensional. (Producing an intensional version of this language
in the way sketched previously will equip us, for example, with the cat-
egory (S/T)/(S/T), which would be suitable for the operators of necessity
and possibility.)

We saw that it is also possible to see a propositional language as the
one-sorted algebra <S,{R,,R,,R_,R_}>. Correspondingly, we can repre-
sent the semantic algebra as one-sorted, the carrier of which is the set of
all propositions (denotations of sentences). The rules of inference of clas-
sical logic make this algebra into what is known as a Boolean algebra,
which, as the theorem of Stone (1936) tells us, is always isomorphic to a
set of subsets of an underlying set. And in the case of classical logic, we
know that the underlying set can be a singleton, making B into a two-
element set (a singleton has precisely two subsets, the empty set and the
singleton itself), that is, {0,1}.

If the logic is different, what we reach in this way may be a different
kind of algebra, in the case of intuitionistic logic it is what has come to
be called Heyting algebra; three-valued logic require the set B consisting
of three elements, etc.

The languages of predicate logic are based on two basic categories:
aside from S there is also the category T of subjects. Their expressions
inhabit, aside from the categories S/S and S/S,S, also the categories
ST, ..., T (predicates) and S/(S/T) (quantifiers) (provided that we dis-
regard, as we do, functors — which would be in categories T/T, . . . ,T).
Again, the semantics is extensional if there are only two potential deno-
tations for sentences and one of them is distinguished. However, in their
case we cannot make do with an applicative algebra of denotations. The
most straightforward way to make their algebra of denotations at least
close to an applicative algebra is to modify the algebra of language in that
we enhance it with variables.

An enhanced bare language is a bare language such that its words (ele-
ments of Cs) are divided into constants and variables. Thus, we can
see an enhanced bare language as a pair whose first component is a tri-
ple L = <<[<W,UV;>,],<R>;_>,i>, such that <[<WUV>_/], <R> > is

a many-sorted algebra and i.el. (Elements of W, are called constants of
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the category i; those of V; are called variables of the category i.) A formal
semantics for L is an ordered quadruple S = <<<D.">, ;, <R*>, >, T,H>,
where <<D}>, ,<R*>, ;> is a many sorted algebra, V is the set of all
sort-preserving mappings of <V;>,; into <D;>.;, T is a subset of D, , and
H is a nonempty set of homomorph1sms from <[<W,UV>, ], <R;>;_ > to
<<D\V>,j, <R;*>; p>.

If /oeH then a sentence s of L, that is, an element of D, is called satis-
fied by b with v iff b(s)(v)eT; it is called satisfied by b iff it is satisfied by h
with every valuation v, s is called valid (or a tautology) in S iff it is satisfied
by all elements of H. A sentence s is called a consequence of a sequence I’
of sentences of L iff s is satisfied by all those elements of H which satisfy
all elements of I.

The core rules of the algebra of denotation for an enhanced bare lan-
guage are quasiapplicative. In this case, however, we need, aside from
quasiapplicative rules, also one more kind of rule, namely that corre-
sponding to lambda-abstraction. A rule R *; mapping DY on (DPr<---<Px)"
is called abstractive iff R*(a) is such a function f that f{v)(o,, . . . ,0,) =
a(v[x,—o,, . .. ,x,—0,]) (where v[x,—0,, . .. ,x,—0,] is the valuation
which is identical with v save for the possible difference that it maps x, on
04y ..., x,0no0,) for all objects oy, ... ,0, from the domains D,, ... ,D,.

Now we can consider the language of the classical first-order predi-
cate logic as a simple kind of lambda-categorial language. It contains
the expressions of the categories S, T, S/S, S/S,S, S/T, . . ., T, and S/(S/T);
it contains the quasiapplicative rules for all these categories; and it also
contains an abstractive rule corresponding to Ax; . . . x,E for all variables
X1, - . . »X, of the category T and E of the category S.

Consider, for example, the expression Ixg[x]. Within the framework
of the lambda-categorial language, it will have to be considered as a
shortcut I(Axg[x]). So consider its denotation w.r.t. a given valuation v,
[I3(Axp[x])||(v). As the rule for combining the quantifier 3 (of the cat-
egory S/(S/T)) with the unary predicate Axd[x] (of the category S/T) is
quasiapplicative, ||3(Axg[x])||(v) = ||3](@)(||Axd[x]]|(v)). The rule which
produces Ax¢[x], on the other hand is abstractlve, hence [Axg[x]|l (v
Il 1I( v[x—)o] As ||3]|(v) is the set of all nonempty sets, th1s means
13(xg[x])||(v) is 1 iff ||@[x || [x—o0])=1 for at least one o, which is as
it should be.

In the case of the classical first-order predicate calculus, it is again also
possible to consider the denotational algebra as a one-sorted one, in that
we consider 3x as a new kind of unary sentential operator (for every
variable x). This leads to an intricate extension of the Boolean algebra of
denotation for the classical propositional logic, which came to be known
as a cylindric algebra.'°

10. Henkin and Monk (1974).



15 Matching Calculi and
Systems of Formal Semantics

15.1 Soundness; and Completeness;

We have seen that artificial languages of logic were developed especially
because logicians felt that they needed firmer bedrocks for logical calculi —
that it is not possible to build exact calculi atop of inexact natural lan-
guages, that the languages must be first replaced by some exact prox-
ies. The calculi instituted, over the artificial languages, exact relations of
inference and sets of theorems (as the sentences inferable from the empty
sequence of sentences). Later, we saw, Tarski launched the enterprise of
formal semantics, which led to the result that some artificial languages
were supplemented by semantical systems, which instituted, over them,
relations of consequence and sets of tautologies (sentences that are con-
sequences of the empty set).

If we have, for a language, both a calculus and a formal seman-
tics, in the most straightforward situation the relation of inference
instituted by the former coincides with the relation of consequence
instituted by the latter. We call a relation of inference that coincides
with the corresponding relation of consequence sound and complete.
However, note that these are concepts different from those of sound-
nessy and completeness,, that we used to characterize the relation-
ship between a calculus and natural language with its following-from;
therefore, we will talk about soundness; and completeness; (where the
index “F” stands for “formal”). In fact, we now have counterparts for
the whole battery of concepts we introduced with the index “M”: we
have already mentioned interpretation; as an assignment of denota-
tions to the expressions, and also we have validity; as satisfaction by
every interpretationy.

Let us refine the terminology slightly. Let L be a language, C a calculus
over it, and § a formal semantics for it. C is said to be strongly sound,
w.r.t. S iff for every I'and ¢,

ifr'—¢thenI' | =¢
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(where |— is the relation of inference induced by C and = is the relation
of consequence induced by S).
It is said to be (weakly) sound, w.r.t. S iff for every ¢,

if F— ¢ then = ¢,

that is, iff every theorem of C is a tautology of S. C is said to be strongly
complete; w.r.t. S iff for every I"and ¢,

if '=¢ then I" |— ¢.

It is said to be (weakly) complete, w.r.t. S iff for every ¢,

if = ¢ then}— ¢,

that is, iff every tautology of S is a theorem of C.

It is clear that a calculus that is strongly sound is weakly sound and a
calculus that is strongly complete is weakly complete. However, in cer-
tain cases weak soundness may entail a strong one (and thus coincide
with it). We have already seen that when — is governed by the metarule
(Ded+7), it is the case that

$>- s b, =@ iff = ($(... (4,9)...)).

Consider the semantic version of (Ded+*),

(SDed+*) I',¢ =y /I T =¢—>wy.

In this case,

$>-s b =@ it = ((... (6,29)...)).

Theorem. If (Ded+*) holds for C and (SDed+*) holds for S, then C is
weakly sound w.r.t. S only if (and hence if and only if) it is strongly sound
Ww.I.t. It.

Proof: Assume that I |— ¢ and that C is weakly sound. There must
be the case that 4 |— ¢ for some finite 4 such that 4* < I'* (where I'* is
the set of all elements of which the sequence I consists). Assuming that
A=<y s> A =@ iff = (6—>(. .. (4,—9) . ..)). As the calculus
is weakly sound, this can only be if |= ((/ﬁ1 (. (¢,,—>¢) ...)), and hence
that ¢, ..., ¢, '= # and hence only if I’ |= ¢.

Can we use a parallel consideration to show that weak complete-
ness entails a strong one? Unfortunately not. The reason why we can-

not reverse the previous proof is that we cannot generally say that if
I' |= ¢, then 4 |= ¢ for some finite 4 such that 4* < I'*. This would
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amount to the compactness of |=, which is only an optional property of
consequence.

15.2 A Calculus Without a Semantics?

Can we have a calculus to which there is no matching semantics? It is
clear, from the history of modern logic, that various searches for a suit-
able semantics for some calculi were quite tortuous. This is the case, for
example, of the five calculi of modal logic proposed by C. I. Lewis in the
thirties (Lewis & Langford, 1932); some of them (S4-S5) were equipped
by a commonly accepted semantics by Kripke (1963a, 1963b), while oth-
ers were even more troublesome (Kripke, 1965b, supplied a semantics
for S2 and S3). A still more obvious case appears to be intuitionistic
logic, which was the first serious rival to the classical one and which only
obtained the first truly formal semantics from Kripke (1965a).

However, these calculi were, in the end, matched by semantic systems —
could it be that for some calculus it is not possible to find any semantics
at all? To answer the question, we would need to know, more exactly,
what a (formal) semantics is.

It is, of course, the case that we know what a formal semantics is in
the sense that we have a lot of commonly endorsed systems of formal
semantics, such as the extensional semantics for classical logic and its
higher-order expansions, the possible worlds semantics for modal and
intensional logic, and various other cases of more complex semantic sys-
tems. However, what, quite generally, counts as a semantic system?

We saw that a semantic system is based on a set of interpretations
(interpretationsy, that is, but in this chapter we still talk only about them,
so we keep leaving out the subscript). Each of them maps all expressions
of the language in question on some entities. (In some cases, like the tradi-
tional expositions of interpretations of classical logic, only some expres-
sions are interpreted, others being treated as “syncategorematic”; but we
saw that usually such interpretations can be turned into an assignment
of entities to all expressions.) Moreover, we have considered interpreta-
tions as homomorphisms of the algebra of the language into an algebra
of denotations — which translates into a less technical idiom so that an
interpretation is a mapping that is compositional. Could we then say that
an interpretation is any such homomorphic or compositional mapping of
the language on anything?

Hardly. The reason is that an isomorphism is also a homomorphism
and so the identity mapping of the language on itself would count as
semantic interpretation, which is certainly quite counterintuitive. Moreo-
ver, this construal of the concept of semantic interpretation would render
the question about an existence of a semantics for a given calculus trivial —
we could always define the semantics as consisting of a single interpre-
tation, the identical one, with the set of theorems as the distinguished
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subset of the set of denotations of sentences. Now, it seems, we need to
have to spell out a criterion according to which this is not a semantic
interpretation.

What may come to mind is that the mapping of language on itself
does not count as interpretations, for denotations must be extralinguistic
objects. But this, of course, does not help, for it is easy to replace expres-
sions, for the purpose of playing the roles of denotations, by some prox-
ies. (We could, for example, use a Godelian mapping of expressions on
natural numbers.)! Hence the criterion excluding the identity mapping
needs to cut deeper.

Intuitively, it might have to do with simplicity — the algebra of denota-
tions appears to have to be in some sense simpler than that of expres-
sions. In one sense, the simplicity concerns the number of denotations: it
would seem that there should be fewer denotations than expressions, if
for no other reason than because there are usually synonymous expres-
sions, that is, different expressions with the same denotation. In another
sense, simplicity may concern the operations of the semantic algebra;
namely, the ways in which denotations of complex expressions are com-
posed of those of their parts.

As for the first sense, what we may require is that sentences that are
equivalent from the viewpoint of a calculus (in the sense of being inter-
inferable) receive the same denotation (and, moreover, that so also do
all expressions that are interchangeable w.r.t. inference). This, however,
obviously does not concern the definition of interpretation as such, only
a definition of interpretation “adequate” to a given calculus. As for the
second sense, we may restrict the operations of the semantic algebra to
some transparent kind (in the sense in which we did put a premium on
applicativeness); however, there does not seem to be a consensus on any
such restriction being incorporated within the very definition of semantic
interpretation.

All in all, as it does not seem to be quite clear what the boundaries
of the concepts of semantics and of interpretation, and consequently of
the concept of a system of formal semantics, are, it is not clear how the
claim that there is or can be a calculus that cannot have a semantics could
be substantiated. (Of course, if we make the concept of semantics more
definite, we may be able to show that either every calculus does have a
semantics or that there are calculi that do not have any. Thus, for exam-
ple, Font et al., 2003, show that every calculus has what they call matrix
semantics.)

1. Moreover, model theoreticians do not shy away from engaging denotations built directly
from the language that is to be interpreted (viz., e.g., the proof of completeness of type
theory due to Henkin, 1950). (Conversely, there are cases when they build language out
of the items of a given model - see, e.g., Goldblatt, 1984, p. 487.)
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15.3 A Semantics Without a Calculus?

In contrast to the blurry delimitation of the concept of formal semantics,
the delimitation of the concept of calculus is quite exact. So it might
then be possible to find something that is generally accepted as a formal
semantics and that delimits a set of tautologies that cannot be delimited
by a calculus. It is also well-known that classical propositional logic is
strongly sound; and complete; with respect to truth-functional semantics
(Kalmar, 19335); that is, that the truth-functional semantics is adequate to
the calculus in the sense that inference instituted by the calculus coincides
with the consequence as instituted by the semantics.

It is no less well-known that the calculus of classical first-order predi-
cate logic is at least weakly sound; and complete; with respect to its
standard semantics (Godel, 1930): that is, that the semantics is adequate
to the calculus in the sense that the set of theorems of the calculus coin-
cides with that of the tautologies of the semantics. (Strong soundness;.
and completeness; depends on how exactly we construe inference and
consequence as applied to open formulas: it is possible that we consider
VxP(x) as inferable from P(x), without being its consequence, in which
case we do not have strong soundness;.)?

However, the situation is usually considered to be different in the case
of second-order predicate calculus. We have already seen that from the
viewpoint of semantics, there is a significant dividing line between first-
and second-order logic. Now it turns out that there is also a significant
distinction between the two logical systems, namely that there are second-
order tautologies that are not theorems of any calculus of second-order
logic; hence, that the semantics for second-order (and, of course any
higher order) logic is “non-calculizable.” Why is this the case?

Return to Godel’s proof of incompleteness: it proved the deductive
incompleteness of PA and of any axiomatization of arithmetic. As a by-
product of the other Godel’s proof, the proof of completeness; of first-
order logic, we get the proof that any consistent theory in first-order logic
has a model. Hence, if we take the theory PA, we have a formula G such
that neither G nor —G is provable in PA, thus both the theory that results
from PA by adding G and that which result from PA by adding —G are
consistent and hence have a model. Both the models are models of PA

2. As regards inference, we saw that we can take generalization as a rule (P(x) I— VxP(x)),
or else merely metarule ( I— P(x) // I— VxP(x)). Similarly, we can distinguish between
two varieties of consequence: the so-called local consequence, according to which B is a
consequence of A if B is satisfied by every interpretation and valuation that satisfy A and
global consequence, according to which B is a consequence of A if every interpretation
that satisfies A together with every valuation also satisfies B (together with every valua-
tion). The first construal of inference then goes with the first construal of consequence,
while the second one goes with the second.
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and they are not isomorphic. It turns out that while both models contain
the infinite sequence of natural numbers, ascending from zero to infinity,
one of them has some more “numbers” that are bigger than all the stand-
ard natural numbers — that is, that come “after infinity.”?

Now the point is that in axiomatizing PA in second-order logic we can
articulate the axiom of induction so that it excludes all the non-standard
models. The axiom says that every set that contains zero and is closed to
the successor operation contains all the elements of the universe; hence,
that in effect nothing that may come “after them” can be a natural num-
ber. Thus, if we have the conjunction of all second-order axioms of PA,
call the formula PA2, we can form the formula PA2—G, which is a tau-
tology, for G holds in every model of PA2 (for there is only the stand-
ard model, the non-standard ones were excluded by the second-order
induction).* On the other hand, Godel’s proof of incompleteness keeps
holding for second-order PA, and hence G is not inferable from PA2.
Thus, PA2—G cannot be a theorem.

In this way we see the price that we must pay for the higher “expressive
power” of second-order logic: we cannot have a calculus!

15.4 Henkinian Semantics for Higher-Order Logic

We have seen that probably for every conceivable calculus there is a
semantics, or at least something that could be called a semantics. Now
that we have seen that the semantics which comes naturally for second-
order logic (the semantics is usually called “standard”) does not fit with
the calculus in the sense that the calculus is not complete; with respect to
it (and no alternative calculus can do better), what might come to mind
is that there should be a firting semantics for the calculus. Is this the case?

Indeed it is. Return to the point where we extended the semantics
for first-order logic to that for the second-order one. What was clear
was that the domain of denotation for predicates should consist of ele-
ments of BUx---*V — after all, this already holds for first-order logic. How-
ever, what we must now specify (and what need not have been specified
for first-order logic) is exactly which functions from BY<---*V form this
domain — for this is relevant for the truth values of the sentences quanti-
fying over predicates.

Of course, the answer that sounds most natural is: all of them. Accord-
ing to this answer, the domain of the denotation of #n-ary predicates is
the whole set BU*---*U, This is what leads to the standard semantics, w.r.t.
which no calculus is sound; and complete;.

3. See Gaifman (2004).
4. It follows that there are consistent second-order theories that have no model.
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However, there is also an answer that is perhaps only slightly less natu-
ral. Recall that the model theory for first-order logic converged to treat-
ing the universe of discourse as arbitrary — the only truths that interest
logic are those that are true independently of what the universe looks
like. Now the universe of individuals also partly determines the denota-
tions of predicates: the denotations must be the functions from the uni-
verse to truth values. However, it does not seem to determine the whole
domain of the denotations uniquely: The domain must contain those
functions that are used for the interpretation of the actual predicates (and
pseudopredicates) of the language,® but which others should it contain?
Should this not again be left arbitrary? Should we not, instead of saying
that the domains corresponding to the categories of predicates contain all
functions of the respective types, say that each of the domains contains
an arbitrary assortment of such functions (over and above those that are
needed for the interpretation of actual predicates)?

Clearly we can do this; and this was also how Henkin (1950) con-
structed the semantics for higher-order logic. This let him prove the com-
pleteness; of the calculus w.r.t. this semantics, for this is the semantics
which fits with the calculus in such a way that the calculus is sound; and
complete; with respect to it.

Now we can return to the problem we tabled when we investigated
the expressive power of the predicate calculus (§13.7) — namely, that we
can translate the language of second-order logic into a first-order one,
but that we lose the specific kind of expressive power that, for instance,
allows us to get hold of the concept of infinity. The language of second-
order logic with a Henkinean semantics turns out to be equivalent to the
first-order simulacrum.

Recall that the problem with emulating a second-order logic within a
first-order one was with the stipulation that we have the counterparts of
all relations over U. There was no way to force this by the means of a
calculus of first-order logic; the only way to do this was to use a second-
order quantifier of which we simply stipulate that it quantifies over all of
them. Thus, in effect, the notion of all functions was taken as a primitive
one, stipulatively connected with the corresponding quantifier.

15.5 Categoricity

A formal language, as we defined it, will have a lot of models, as it is not
really a language but rather a language form. The situation is different in
the case of a formalized language, such as the language of PA. Typically,

5. This can be secured by the a comprehension axiom scheme stating that 3pVx, . . . x,
(p(x1y ...y x,) <> Blxy, - . ., x,]) for every formula ¢[x,, . . ., x,] with the free variables
Xiy o vvs X
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it aims at having only one model, and indeed the ambition of PA is to
pick up one specific model — the sequence of natural numbers. A formal-
ized language (theory) that manages to specify a unique model is called
categorical.

Of course when we say “unique” here, what we mean is “unique up
to isomorphism,” for we saw that if there is a model for a language of
logic, then anything that is isomorphic to it is obviously also a model.
Thus, when we say that we want PA to pick up a single model, what we
literally mean is one structure shared by any number of concrete isomor-
phic models. But anyway, we have seen that PA within the framework
of first-order logic did not manage to do this. As Godel revealed, this
language has more than one model: besides the standard one it has also
nonstandard models.

Aside from this, the Lowenheim-Skolem theorem tells us that if a first-
order theory has an infinite model, it also has models of all the possible
infinite cardinalities (see, for example, Mendelson, 1964, §2.13). Thus,
as the model of PA cannot have a finite universe, there must be an infinity
of non-isomorphic models of all possible infinite cardinalities. (This, of
course, is the case if we accept the — currently mainstream — mathematical
assumption that there are different infinite cardinalities.)

Thus, we cannot uniquely characterize natural numbers within first-
order logic. We can do it, we saw, within second-order logic, but the price
we have to pay for this is that we cannot have any calculus for it.

Categoricity is especially important from the viewpoint of model the-
ory (see §13.5). It is in its context that we often face the task of finding a
theory which manages to single out a pre-given model structure or a set
of model structures.

15.6 Did Semantics Help?

The reason why many logicians embraced the Tarskian project of formal
semantics was, we saw, the result of the frustration of the Hilbertian
project of reconstructing following-from in terms of inferability within a
calculus. Formal semantics offered an alternative reconstruction, in terms
of truth — namely, truth-preservation or satisfaction-preservation, which
promised to do better. Hence, the question is whether this move paid for
itself, whether it allowed us to get a better grip on following-from, and
if so, if the complication of introducing the semantic apparatus was not
too high a price for this.

Consider the special case pointed out by Tarski. Does semantics make
the sentence VxP(x) of PA into a consequence of P(n) for every natural
number 7?2 Well, it does, insofar as the universe of the language of PA
contains all and only natural numbers. But this looks somewhat vacu-
ous. If we set up the universe, stipulatively, so that it contains all natural
numbers, then that something holds for every member of the universe
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trivially entails that it holds for all the natural numbers. It is true that the
apparatus of model theory makes straightforward room for the possibil-
ity of non-compact relations of consequence; however, by itself it does
not allow us to handle them in a very nontrivial way.

We saw that the most basic problem for the proof-theoretical approach
was that following-from does not seem to be generally compact, while the
rules of derivation were bound to have a finite number of premises. The
semantic approach did away with this limitation; there is no reason why
there cannot be a formula, say VxPx, which is true only in case an infinite
number of cases obtains (for example if ||P|| yields 1 when applied to
every of the infinite number of elements of the universe). However, there
is a price to be paid for this: switching from inference (defined in terms
of a calculus) to consequence (defined in terms of a semantic system), we
lose the “determinatedness” of derivations, in the sense that unlike infer-
ence, consequence need not be determinate even in the sense in which
inference is, all its instances being generatable from a finite basis. Hence,
from the point of capturing following-from embracing semantics, this is
a trade-off: we gain something for losing something.¢

6. It is worth noticing that a similar kind of effect could be achieved without going (explic-
itly) semantic, via releasing the restriction that the rules of inference can only have a
finite number of premises. And obviously this would again lead to the same loss of
“determinatedness.” See Peregrin (2014, Chapter 7).



16 Through the Looking
Glass . ..

16.1 The “Natural” and the “Artificial”

In previous chapters, we have distinguished between natural language,
equipped with the relation of following-from, which is the natural vehicle
of our reasoning, and various artificial languages, calculi, and systems which
we build to account for it (and perhaps also to enrich it or to replace it in cer-
tain contexts). The artificial tools are ubiquitous in modern logic, and some-
times they play roles that it is difficult to duly reflect. Therefore, it is essential
to be clear about the possibilities and limitations of their employment.

It is often assumed, generally without reflection, that there is no sub-
stantial difference between what we called the material interpretation of
a logical language (interpretation,,) and its interpretation within a formal
semantics (interpretationg). More generally, the distinction is between the
concepts that are internal to the machinery of logic (which it has intro-
duced to account for following-from) and those that are external to it, for
they interlink the machinery to the following-from, which is the raison
d’étre of logic. Interpreting,, a formal or a formalized language, we map
its expressions on those of a natural language, so the story goes, and
thereby on that which is denoted by the natural language expressions.
The interpretationg, on this picture, only avoids the detour via natural
language and maps them directly on the denotations, as in Figure 16.1.

natural language interpretationy artificial language

a------- XY XY

expression/

1 5 "
: denotation interpretationg
v

"meanings"

Figure 16.1
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Therefore, there is no need to make any categorical distinction between
the two concepts.

I am convinced that this line of thought ignores a crucial boundary that
is being crossed when we move from interpretationy, to interpretationy,
and this is the boundary between the denizens of the “natural” world
and that of the world of “ideal” entities we build stipulatively. Note that
the languages of logic are completely created by our definitions, hence
they are, as I call them, artificial.! Studying properties of such languages
amounts to studying the consequences of our definitions. But reasoning
is something we do, in the real world, and we can do it better or worse;
and logic is to help us do it better. How can any investigation of the con-
sequences of our definitions offer us any help in this?

I have suggested that the artificial languages of logic should be seen
as mathematical models of (parts of) natural language, and especially
those of its rules that are constitutive of one of the crucial “games” we
play with it — the “game of giving and asking for reasons,” also known
as argumentation. (We must keep in mind that “natural” in “natural
language” does not mean anything like “everyday,” but rather “not cre-
ated by stipulation”; thus, even mathematics is carried out almost exclu-
sively in a natural language, though often in one that is in some respects
enhanced.) Thus, the artificial languages do a similar job as mathematical
models of physical phenomena, which capture other aspects of the real
world (and so help us deal with it). Thus, it is often crucial to look into
how far the model is adequate to what it models.

We must sharply distinguish between the questions that concern the
model as such and those that concern the way it fits with what it is meant
to model. The former questions allow for a straightforwardly mathemati-
cal treatment: the way to find out that the model has some properties is
to prove that this follows from its definition. The latter questions, on the
other hand, cannot be subjected to a mathematical treatment.

Consider, for the sake of illustration, the concept of computability.
This is a natural concept in the sense that it is a fact of the matter that
something can be computed whereas other things cannot. Various math-
ematical models of computability were put forward: Turing machines,
recursive functions, computability in lambda calculus, and so on (see,
for example, Boolos et al., 2002). All these models were shown to be
equivalent. However, there is not, and there cannot be, a proof that any
of these models is equivalent to the pre-theoretical phenomenon, sim-
ply because the pre-theoretical phenomenon is not something that could
figure in a proof. That the independently proposed explications come
to one and the same mathematical concept is a strong indication that it

1. In my previous writings, I used the terms natural and formal (see especially Peregrin,
2000c). However, here I want to preserve the formal for artificial languages that are to
capture forms (in contrast to formalized ones); hence, I must use a different term.
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is adequate, and it is probably the only “proof” we need to take it for
adequate; the Church’s thesis stating this equivalence is very different
from a thesis stating the equivalence of two mathematical - or artificial,
in our terms — concepts.

The same thing holds about properties of the natural language and of
its artificial regimentations and formalizations. We can prove that two
properties inside one model, or in different models, are equivalent; we
cannot prove that a property from a model is equivalent to a property
that is from the world outside of the model. And while the concepts with
the index F concern the artificial entities within the models, those with
the index M concern the relationship of the artificial properties to the
natural ones.

16.2 Model and Reality

There are entities that are “natural” in the sense that we find them in the
nature which surrounds us (where the term “nature” should be under-
stood in the broadest sense, as encompassing everything that we can
encounter and explore); and there are things which are artificial in the
sense that they are wholly created by us, especially that we produced
them in terms of definitions and stipulations.

These considerations lead us to a complete redrawing of the picture of
the relationship between a natural and an artificial language presented
previously. A crucial boundary is the boundary of the logical system as an
artificial entity, which we create in terms of our definitions. (This system
may incorporate not only the bare language and possibly a calculus but
also the formal semantics.)

This whole system acts as a model for a certain part of external real-
ity, namely for a natural language with its pre-theoretical following-from
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and its pre-theoretical semantics. However, it is not true that the bare
artificial language with the calculus models the natural one with its pre-
theoretical following-from while the formal semantics models the pre-
theoretical meanings of expressions of natural language.

The meanings of expressions of natural language, by themselves, are
blurry matters that could hardly be directly modeled - it is not so that the
meanings would be some clear-cut objects which would only be labeled
by expressions and which, in principle, could be accessed directly. It
is hardly possible to point out the meaning of, say, the word run and
then try to conjure its simplified simulacrum to be incorporated into the
model. What we instead do is inspect the behavior of the corresponding
expression, its role in language, and then use this as a basis for conjuring
an artificial object embodying its meaning within the model.? Thus, the
basic point of contact between the logical model and the reality it mod-
els is the natural language and its rules. True, the artificial meanings or
denotations which become explicit as a part of the logical model can then
be seen as explications of the meanings of the expressions of the natural
language; the explication, however, should not be seen as leading from a
fuzzy or indeterminate object to a crisp and determinate one but rather as
leading to a determinate object (constructed by us) from something that
is not yet an object at all.

16.3 Logic as a Natural Science?

The view that our logical theories are akin to models used by natural sci-
entists was spelled out by a few authors, perhaps most clearly by Shapiro
(1998, p. 137):

A formal language is a mathematical model of a natural language (of
mathematics), in roughly the same sense as, say, a Turing machine is
a model of calculation, a collection of point masses is a model of a
system of physical objects, and the Bohr construction is a model of
an atom. In other words, a formal language displays certain features
of natural languages, or idealizations thereof, while ignoring or sim-
plifying other features.

Similarly Cook (2010, p. 500):
[A] logic is not meant to be a perfect representation of the linguistic

phenomenon being studied. Instead, a logic is a model of that linguis-
tic phenomenon, and as a result, all of the advantages and limitations

2. In the sense of Lewis (1972, p. 173): “In order to say what a meaning is, we may first ask
what a meaning does and then find something which does that.”
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that are present in modeling elsewhere (such as in the empirical sci-
ences) should be expected to reappear in the study of logic.

If you look at logic as a theory of human reasoning, then this view
comes naturally. There are human practices of (overt) reasoning and
argumentation, which, T would hasten to add, incorporate certain rules
(in the sense that we not only draw inferences or give reasons but also
readily assess each other’s arguments and reasons as correct or incor-
rect’). Then we can see logical theories as capturing regularities of these
practices (and of the assessments, that is their rules) in a sense not very
different from that in which physical theories capture the swarming of
things in space-time. (There are, to be sure, the dissimilarities concerning
normativity spelled out in Chapter 1.)*

Things are, of course, quite different if you view logic as a discipline
the task of which is to capture something covert, beyond language or
empirically investigable thought. Dutilh Novaes (2012), for instance,
protests against the understanding of the artificial languages of logic as
models. Her reasons are twofold. First, she has a positive story about
what we use artificial languages for and claims that this is not the usual
role of models. Her main hypothesis is that “formal languages are best
viewed as a cognitive technology, developed in order to facilitate a range
of cognitive processes” (p. 66); that artificial languages are not means
of representing natural language but rather a tool to think and calculate
with, to calculate things that need to be calculated during reasoning and
that are hard to calculate in terms of natural language signs encumbered
with their often convoluted meanings, while they can be much more eas-
ily calculated with signs unburdened with meanings.

I think that this indeed is true (and I think that Dutilh Novaes does an
excellent job explaining the role of formal languages as tools of calcula-
tion). Only I also think that she exaggerates the difference between the
means of representing and the tools of calculating. Models in natural
science, to which we liken the artificial languages of logic, are often both.
True, these roles may sometimes pull in opposite directions (as Dutilh
Novaes, p. 93, puts it, “there is a sense in which expressive and calcula-
tive motivations are in tension with each other”), but so it is with models
in natural sciences. (A model like Bohr’s, of course, puts a premium on
perspicuity; while, say, a system of differential equations as a model of a
flowing fluid puts it on computational tractability.)

However, Dutilh Novaes also has another, negative, motivation for
rejecting the notion that the artificial languages be seen as models of

3. The way in which such “normative attitudes” constitute implicit rules was anatomized
by Peregrin (2014, Chapter 4).
4. See Peregrin (2019) for a more thorough discussion.
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natural language. The problem, she thinks, is that “to describe a given
target phenomenon, a formal language or formalism makes a detour via
ordinary language discourse about the target phenomenon in question,”
while “a formal language will be much like any mathematical formalism,
a ‘language’ in itself which can characterize directly the target phenom-
enon without the mediation of ordinary languages” (p. 99). Hence, the
view is that the artificial languages are not models of natural ones, but
rather deal with “target phenomena”; namely, the ones which are dealt
with (not so well) by the natural languages. And this is precisely the view
I reject in this book.

What are the “target phenomena” the languages of logic are to deal
with? Presumably, in the case of formalized languages it can be anything
with which the parts of natural languages formalized by them deal (like
natural numbers in case of PA). However, what about formal languages,
which are the most important items from the viewpoint of logic? What
are the “target phenomena” they are to deal with?

Here an answer might be perhaps extracted from an example given by
Dutilh Novaes (p. 100):

For example, in my own work of formalizing medieval logical theo-
ries . . . the procedure was never to engage specifically with the tex-
tual formulation of these theories (in a ‘translation enterprise’, as it
were), but rather to absorb for as much as possible the conceptual
structure of these theories through the text, and then to formulate
it in a given formalism — what I have described . . . as ‘conceptual
translation.’

Hence, it seems that in cases of logical languages, the “target phenom-
ena” are some conceptual structures beyond languages (perhaps some-
thing like “logical forms”?), which are expressed, only imprecisely and
tentatively, by natural languages. (A version of this construal may be that
artificial languages capture the objective, ideal forms of the entities of
the real world;® or, alternatively, that they are objectively present within
the human mind, perhaps as some tokens of a language of thought.?) If
this is so, should the artificial languages not take over and leave natural
language behind?

Let us, for a moment, disregard the qualms regarding the evidence of
the objective existence of entities such as conceptual structures or logical
forms. Independently of this, it seems that the arguments the correctness
of which we prove in the artificial languages are useful only insofar as

5. See, for example, Sher (2011).
6. See Fodor (2008).
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they help us decide which of the arguments that can be articulated in
natural language are correct. Natural language (in the very broad sense
of the word, in which it is contrasted with artificial ones) is the lingua
franca of different minds; but it is not only that arguments that cannot
be translated into it cannot be shared by individual minds; in fact, they
do not count as real arguments. (Imagine someone were to say: ‘I have
an ingenious argument in my mind; however, I am not able to articulate
either it or its conclusion.”)

The key point, I think, is very well expressed by Mercier and Sperber
(2017, p. 172):

Unlike verbal arithmetic, which uses words to pursue its own busi-
ness according to its own rules, argumentation is not logical business
borrowing verbal tools; it fits seamlessly in the fabric of ordinary
verbal exchanges. In no way does it depart from usual expressive and
interpretive linguistic practices.

And similarly Shapiro (1998, p. 137):

As such, reasoning involves the use or apprehension of linguistic
items by the reasoning subject. So we must consider the role of a
natural language, like English, or perhaps a natural language aug-
mented with the special terminology and symbols of a branch of
mathematics.

Could the problem be that the natural languages we have are deficient
and that much of what we are not able to articulate now will yield to
articulation when we have a better one? This idea, propagated by the
“ideal language” movement,” resonated throughout the first half of the
twentieth century; some of its proponents were adamant that the regi-
mented languages will soon take over — at least, perhaps, in the realm
of science. But nothing like this has happened, indicating that natural
languages, as they stand, have something to them.

Consider the English sentence Birds fly. Is it not hopelessly vague, and
does it not become precise only when we get to its logical form and find
out whether it says that all birds always fly, or all birds are capable of
flying, or that almost all birds fly, etc.? Well, true, the sentence is indeed
ambiguous. But so are almost all the sentences of a natural language:
what we do when using a natural language is stick to the minimal level
of precision and unambiguity that is needed in the current context, being
prepared to make it more precise when it becomes necessary.®

7. Rorty (1967) explains this in detail.
8. This feature of natural language was famously scrutinized by Waismann (1968) under
the heading of “open texture.”
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But, those who see logic as the pursuit of “true” logical forms may
object that this is precisely the point: when we do science or engage in
rational argumentation we need a language that pushes this to the limit
and does away with any ambiguity, a language that captures the logical
forms perfectly and is therefore not ambiguous. However, the problem
is that we can hardly do away with every conceivable ambiguity. When
I clarify that, by Birds fly, I mean All birds always fly, do 1 dispense with
every conceivable ambiguity? Surely not. Do I mean that all actual birds
fly, or that also all past (and perhaps future?) birds fly? And what exactly
counts as flying?

True, talking about conceptual structures or logical forms may help us
be, on the whole, less ambiguous with respect to logically correct argu-
ments. But it is just the kind of disambiguation we perform when we
make the meaning of Birds fly more precise by reformulating it as All
birds always fly; it is not penetrating to a level of meaning where ambigu-
ity is completely absent. There is no meaning free from ambiguities and
other imperfections which affect ordinary expressions’ — the aim of logic
therefore cannot consist in penetrating to a level of completely disam-
biguated meanings or logical forms, for there is no such level.

16.4 Looking at a Model vs. Looking Through It

The upshot of the previous sections is that if we consider the role of a
logical model within an investigation, we should always carefully distin-
guish whether it is an investigation of the model or rather an investiga-
tion of something else in terms of the model. That is to say: whether the
investigation exclusively concerns the model or whether it concerns the
phenomenon modeled and uses the model only as its proxy. If we do
not distinguish between these two perspectives (akin to the distinction
between looking o7 a microscope — or a window — and looking through
it), grave conceptual confusions are likely to arise.

Most of the artificial languages and calculi were introduced as tools
to help us analyze, regiment, and improve our reasoning, which we
normally carry out in natural languages. We saw that logical constants
were introduced as exactly delimited counterparts of certain constituents
of natural language. Thus, material implication, as well as other, more
sophisticated versions of implication, were introduced as counterparts of
such connectives as if-then. Now the question is what can we achieve by
introducing, besides our fuzzy natural language, another, exactly defined
language, or a skeleton of such a language.

The answer to this question that I have put forth is that we can use an
artificial language as a model of a natural one (especially in its capacity of
a vehicle of reasoning), in a similar sense in which physicists use certain

9. See Peregrin (2010c) for more details.
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models of natural phenomena. The model is simplified and idealized and
therefore much more perspicuous than the original phenomenon; insofar
as it is, despite this, adequate to the phenomenon in its relevant respects,
we can replace the study of the latter by the much easier study of the for-
mer (and, needless to say, it may also help us deal with the phenomenon).
When we do this, however, we must use the results gained by studying the
model to deal with the original phenomenon.

This is not what usually happens in contemporary logic. Shapiro again
(1998, p. 133):

In a typical book or class on symbolic logic, one or two of the pre-
formal characterizations of logical consequence are given at the out-
set, with or without a brief discussion. Very quickly, however, the
reader or student finds himself proving theorems about the relation
of satisfaction between certain strings on a finite alphabet and cer-
tain sets of n-tuples. The question before us here is the relationship
between this model-theoretic notion of consequence and the ones
given at the start of logic texts and courses. If we have truly suc-
ceeded, what is it that we have accomplished?

Logicians often stay within the formal languages and appear to be quite
content with the results concerning these languages. This may be for sev-
eral different reasons. One is that the artificial languages originally built
via the regimentation of the natural ones sometimes represent relatively
complex mathematical structures posing nontrivial purely mathematical
problems. Hence, solving them is an achievement in its own right. Most
of what goes on today under the heading of “mathematical logic” is of
this kind. Mathematics is certainly a respectable science, so such results,
if they are nontrivial, are certainly unobjectionable — only they no longer
directly relate to the agenda of logic.

Often, however, those who also do not claim to do mathematics settle
within the models and do not seem to be much interested in what is going on
outside of them. What might be behind this is the tacit conviction, mentioned
previously, that, as our natural language is a mere medium, reasoning does
not happen directly in it but in something behind it and is therefore merely
presented by it, and artificial languages are the more direct presentations of
this something. Thus, once we have direct access to a phenomenon mediated
by an artificial language, we can simply forget about the natural language.

A mundane objection to this is that though artificial languages have
been in play for at least one and a half centuries, our reasoning has not
vacated natural language and moved over to them to any significant
extent. If reasoning is carried out in something that is only mediated by
natural language, and if we have a language that is much better in this
mediation, then the question is why this language did not quickly dis-
place natural language, at least in the context of science.
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A deeper objection concerns the very existence of the “something” that
is only mediated by natural language and that can be accessed directly,
bypassing the language. Unless we accept some naively oversimplified
representationalist conception of language, we must realize that language
is not only a set of labels stuck on entities of the extralinguistic world
(which can be easily replaced by better labels), but that it takes part in
the very structuring of the world in which we live (and in this sense in
the constitution of the entities of which it consists). Thus though we
may certainly imagine expressions as representing something “behind”
them, this “something” is not so easily detachable from them to make
the replacement of a natural language with a formal one into a method
of logic.

True, artificial languages may have some properties that appear to
make them more suitable vehicles of reasoning — such as a large reduc-
tion of ambiguity, fuzziness, and so on. But the fact that we have man-
aged to develop a new tool that may, in some respects, be better than the
original one certainly does not mean that the original one was, from the
very beginning, an imperfect representation of something that the new
one represents perfectly.

16.5 The External and the Internal

It may be helpful to consider some examples of neglecting the distinction
between “the natural” and “the artificial.” Remember what is in ques-
tion. Some concepts and some questions merely concern the apparatus
logic developed to do its job; they are internal to it. Other concepts, on
the other hand, concern the (external) relationship between the appara-
tus and reality. And if the apparatus incorporates a formal semantics,
then there is a certain duplication: the same term is sometimes used to
refer to an internal concept concerning formal semantics and to an exter-
nal one concerning reality.

Take a sentence of a formal language containing parameters such as
#v—g. It may be called valid iff all its instances are true. But what are
the instances? One possibility is that they are English sentences of the
form ¢ or not-@, such as It rains or it does not rain. (These are our inter-
pretations,, and hence the resulting concept of validity is our validity,,.)
Another possibility is that they are instances of an artificial language,
such as those of the language of propositional logic we introduced previ-
ously (such as Av—A) or whatever they are mapped on by some interpre-
tations; (in which case we have validity;). In the first case, the concept
of validity in question is an external one, interconnecting the apparatus
of logic with what it is devised to account for; in the second case, it is
internal to the apparatus.

However, logicians sometimes fluctuate between these senses with an
“unbearable lightness.” Consider a paper of Gillian Russell (2015). Its
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main topic is the validity of the basic logical laws (and their justification).
Laws of the kind of ¢v—¢, are discussed, but we never learn what kind of
validity we consider. If it is the external concept of validity, then it would
seem the question turns out to be an empirical one — English is an empiri-
cal entity (if an entity at all), and we would have to inspect it to find out
which of its sentences are true. If, on the other hand, it is an internal con-
cept of validity, then the answer depends on the logic that we are talking
about and it will be very probably quite easy to give. And as it does not
seem to be the case that Russell poses the question of the validity of logi-
cal law as either an empirical or a trivial one, it is likely to still be some
different kind of validity she has in mind. But she does not explain this.

Can we cut this Gordian knot by saying that the instances are neither
sentences of English nor those of an artificial language (expressed in a
less perfect way by the former and perhaps in the more perfect ones by
the latter)? Can they be some non-linguistic propositions or some logical
forms as considered previously? Considerations presented in the previous
section indicate that the answer would be — not really. For there is no way
to present a proposition or a logical form save by means of a sentence.
And if we say that the sentence, say, If rains or it does not rain is a mere
proxy for a proposition, then the proposition may be either the proposi-
tion expressed by “It rains or it does not rain,” whatever it is, or it can be
a proposition identified somehow independently of the contingent mean-
ing of It rains or it does not rain (perhaps by a sentence of an artificial
language that we have devised to express the propositions rigidly and
unambiguously). However, in the former case we are back at an empirical
investigation while in the latter one we embrace the picture of the artifi-
cial language presenting perfect conceptual or logical structures free from
any fuzziness brought in by the empirical languages rejected previously.'

Consider a paper by Gila Sher (2011). She writes: “An inference/con-
sequence, 1, is a pair, <X,Y>, where X is a sentence (set of sentences) and
Y is a sentence, such that if X is true (all the sentences in X are true), Y
is true” (p. 253), giving the example <“New York City is in the United
States,” “London is in Britain”>, indicating that what X and Y are sup-
posed to range over in the previous definition are English sentences. Then
she continues (p. 255):

[A logic] should not claim that an inference <X,Y> is logically valid
unless this claim is true, i.e., unless <X,Y> is in fact logically valid,
that is, unless <X,Y> in fact transmits truth from X to Y with an
especially strong modal force.

Again, which concept of validity is in play here? Due to the example,
it would seem that it is the validity with respect to English. But again,

10. See Peregrin (2010b) for a more detailed discussion of the options.
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English sentences are empirical items, established as such in the course of
the evolution of certain groups of speakers and meaning what they do as
a result of this purely contingent evolution. Hence, to find out whether
<X,Y> is an “inference,” let alone a “logically valid” one, is to carry
out an empirical investigation of English. And, again, this is not mere
nitpicking, resulting from neglecting the fact that sentences like “New
York City is in the United States” can be taken as merely proxies for
corresponding propositions; because propositions are accessible only via
(such or another) sentences and the problems with the sentences carry
over to them.

This is not to say that ambiguities of the kind that I have just pointed
out can never be seen as the result of a certain tolerable sloppiness, or
that they can never be explained away; however, at least in some cases,
they effectively blur the problems they set out to elucidate.

16.6 Logic Between Mathematics and Empirical Research

The considerations in this chapter are based on the observation that
concepts employed by logical theories are either internal to the appara-
tus of logic (these are the concepts with the subscript F we used in pre-
vious chapters) or external to it — concerning the relationship between
the apparatus and our reasoning and our language as its vehicle (the
concepts with the subscript M). The problem is that the internal con-
cepts are just products of our definitions (and investigating the conse-
quences of our definitions can be, in the best case, pure mathematics),
while the external ones are something concerning the empirical world.
Hence, we seem to be caught in a dilemma: we can either do mathemat-
ics or empirical research. But logic seems to be neither a matter of pure
mathematics nor an empirical theory. The laws of logic do not seem
to be either pure artifacts of our definitions or a matter of empirical
generalizations.

The trouble, as I see it, is that this dilemma is often “overcome” by
the tacit assumption that they are both, in the sense that they concern
a specific kind of reality that is neither purely mathematical, nor purely
empirical — that it is an artifact of definitions but is at the same time
somehow inherently “about” the real world, namely about our de facto
reasoning in the world. In this way logic appears to be a matter of the
Kantian “synthetic a priori”: it concerns a realm where we can make
discoveries, though not as a result of empirical investigations and not by
deriving them from our stipulations. We discover them by some peculiar
expeditions into a landscape of our reason, a landscape which is not
accessible to our science and which thus remains mysterious.

This is not to say that most logicians would state their views in this
way. However, when they treat a logical law like the excluded middle,
#v—g, they do not seem to think that this is either just something con-
cerning a particular mathematical structure (like the structure of classical
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logic) or something concerning an empirical entity, like a natural lan-
guage. They think this is something that is not discovered by empirical
generalization, which, nevertheless, holds of the empirical items in terms
of which we de facto reason.

I suggest a different way of overcoming the dilemma. I suggest that
logic does not concern any specific reality that is both mathematical and
empirical; I am convinced that it concerns a superimposition of these
two realities; a superimposition that we know so well from our ordinary
science sketched previously: logic is largely a study of models (produced
by our definitions) that, however, must be arguably adequate to the ulti-
mate subject matter of logic — our reasoning and the languages we use
to argue and reason.!! Therefore, there is the “mathematical” dimension,
consisting in devising, building, maintaining, and upgrading the models,
and there is the “empirical” dimension that consists in taking care of the
models being adequate to what they model.

One consequence of this view of logic is that there is nothing like an “a
priori logic.” We can do a lot of logic by studying various mathematical
structures (and perhaps even call this investigation “a priori”); but this is
only because these structures already have turned out to be useful for the
study of reasoning. We can contribute to logic by studying, say, Boolean
algebras, but this is only because the study of the actual logical connec-
tives we use to reason were discovered to display something close to this
structure. Hence, we should not mistake the fact of having an adequate
model — we can do a lot of useful work staying inside the model - for the
fact that these kinds of structures, the study of which amounts to doing
logic, are delivered to us somehow by our reason alone.

11. It is perhaps worth noticing that there is no unique concept of adequateness — it is the
purpose of the specific analysis in question that matters.
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Philosophical Problems
of Logical Systems

I think that the way in which logic, in the course of the twentieth century,
shifted its attention from natural languages to artificial languages com-
pletely changed its nature, and that this change has not been reflected in
all of its complexity yet. The new philosophical questions created by this
shift are numerous and to a large extent unprecedented, so their explora-
tion is no easy task.

The naive view is that we have got rid of the messy and blurry natural
language in favor of the orderly and transparent formal languages of
logic. The aim of this book was to indicate that things are not, by far,
that simple. While natural languages are natural repositories of mean-
ings, tried and tested by the millennia that they have been serving us,
our artificial languages are mere simulacra, which mostly depend, for
their usefulness, on their proximity to their natural counterparts. (This
is not to say that an artificial language could not become fully mean-
ingful without the support of the natural one as a matter of princi-
ple; but practically speaking this would require a long and complicated
development.)

True, the emergence of the artificial languages of logic boosted the
enterprise of logic in an unprecedented way — it helped us see, clearly
and distinctly, many important facts regarding reasoning and argu-
mentation in a way that had never been possible before. However, the
accelerated enterprise of logic also took a new, unprecedented direc-
tion: it not only offered new answers to old questions, but also posed
brand new questions that, sometimes, had little to do with the old
ones. And unfortunately, due to a lack of philosophical reflection, it
was sometimes mistakenly taken for granted that the new answers
belong to the old questions.

I think, and T argued for this throughout the book, that the most sat-
isfactory view of the role of the artificial languages within modern logics
takes these languages to be a sort of models, not dissimilar to scientific
models of empirical phenomena. True, they are not literally scientific
models, especially because of their normativity, but what they share with
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these models is the asymmetric relation between the investigated phe-
nomenon (which in the case of logic is the “natural” following-from with
natural language as its essential vehicle) and the model, which is a tool
of the investigation of the phenomenon, not an incarnation of its true
essence.
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metaargument 12, 39-41, 49, 50, 52,
56-58, 60, 62; see also form, of
metaargument

metalanguage 94

metaparameter 61, 89

metarule 44, 53, 80, 83, 95, 162, 165

model 3-6, 8, 10, 36, 46,47, 68,

71, 120, 122, 141, 142, 157, 165,
171-175,177,178, 182-184

model theory 90, 121, 122, 142,
164, 166

modus ponens (MP) 15, 39, 40,
60-63, 66, 67

name: generic 95, 96

natural deduction 52, 53, 60, 101

negation 41-44, 60, 63, 72, 75-77,
79, 80, 83,111, 129, 131,
147-149, 151

normative attitude 174

normativity 7, 174, 183

open texture 176

operator: core 44, 79, 80, 82, 88, 113,
129; epsilon 114; infinitistic 93-95,
133-135; iota inversum 114;
sentential 35-45, 129, 130, 139,
151, 152,160

parameter viii, 17,22-25, 28, 30, 31,
34, 35, 38,45-48, 55,57, 61, 95,
86, 99, 104, 105, 178

Peano arithmetic (PA) 73, 115-117,
137,139, 165-168, 175

Peirce’s arrow 79

physics 2, 71

Platonism 3, 23

possible world 147, 149-152, 163

predicate functor 92, 93, 98, 155, 156

proof 8, 63, 66,73, 115, 165, 166,
171,172

proof theory 142

proposition 11, 180, 159, 181

proxy function 138

psychology 1

quantification 97-99, 107, 109,
133, 141, 147; substitutional vs.
objectual 94

quantifier 9, 24, 87-99, 102-108,
113, 114, 133135, 139, 140, 143,
154, 159, 160, 167; generalized 90

reasoning 1, 3-8, 10, 15, 26, 52, 170,
171, 174, 176-179, 181-183; see
also game of giving and asing for
reasons

reflective equilibrium 4, 5, 7

regimentation 9, 24, 25, 28, 36, 39,
90, 91, 96, 99, 103-10S5, 130, 144,
172, 178; direct 47, 89, 99, 108

relation: inferential 56, 58, 124,
125,128

relativization 61, 66, 101

rigid designator 151

role: inferential 25, 28, 30-32, 34, 36,
79-81, 85, 96, 113, 121

rule: abstractive 115, 160; applicative
152, 154, 158, 159, 164; of
derivation 48-50, 59-63, 84, 101,
169; elimination 36, 44, 52, 54,
63,76, 83, 84, 98, 101, 109; of
inference 44, 60, 80, 83, 90, 91,
117,118, 153, 169; introduction
36,44, 52, 54, 63, 76, 83, 88, 93,
95, 98, 101; quasiapplicative 152,
155, 158, 160; structural 49-53,
56,58, 63, 66, 84,127, 128;
syntactic 9, 30, 33, 34, 54, 74, 87,
88, 146, 152

satisfaction 118, 140, 142, 161,
168,178

science 4, 27, 42, 176178, 181, 182;
natural 5, 173, 174

semantic ascent 94

semantics 10, 91, 117-122, 173;
denotational 133-160; extensional
133-146; formal vii, 8, 10, 33,
34,90, 121, 122, 133, 139-143,
157,159, 161-163, 165, 168, 170,
172,173, 179; Henkinian 166,
167; intensional 150-160; matrix
164; model-theoretic 90, 122;
proof-theoretic 28; standard 145,
153, 165, 166; truth-functional
123-135; see also semantic ascent;
meaning; system, semantic



set theory 114

soundness: formal (soundnessy)
161-163, 165-167; material
(soundness,;) 68-71

substitution 49, 55, 56

supervaluation 127, 128

syllogistics 24, 90

syntax 10, 118-121, 153, 154

system: axiomatic 21, 48, 59, 60; logical
7.8, 31,122, 129, 155, 165, 172;
semantic 8, 34, 121, 122, 124-130,
142,157-160, 161, 163, 169

tautology 158, 160, 162, 166

tertium non datur see excluded middle

theorem 6, 39, 40, 48, 48, 49, 54,
59, 63, 66, 58,72, 73,78, 83, 95,
129, 138, 161-163, 165, 155,
178; Lowenheim-Skolem 124, 168;
Strone’s 138; Tarski’s 115; see also
argument, theorematic

theory 31, 32; see also model theory;
proof theory; set theory

tonk 83

truth 8, 16, 24, 61, 114, 118, 119,
122,149,150, 167, 168; contingent

Subject Index 197

147, 148, 149; logical 94, 138;
see also law, of truth; truth-
preservation; truth table; truth-
valuation; truth value
truth-preservation 16, 118, 123, 128,
168, 180
truth table 124, 129, 147
truth-valuation 123, 124, 130, 131,
135, 136, 149, 150
truth value 73, 123, 124, 129-131,
133-137, 139, 142, 143, 147, 150,
151, 154, 166, 167

universe (of discourse) 94, 114, 124,
135-141, 143, 145-147, 150, 161,
155, 166-169

variable 22, 88, 89, 93, 95-99,
106-109, 111, 112, 115, 139-141,
153-157, 159, 160, 167

validity 17-23, 28, 35, 68, 76, 121,
125, 129, 136, 142, 158, 160,
179-181; formal (validity;) 161;
material (validity,,) 69, 72

valuation 139-141, 148, 154, 155,
160, 165
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